Series Expansions of the Equations of
Motion at the Boundaries - Kerr

Expansion around the horizon x =0

Clear Variables
Input Equations of Motion

Computation

A x2 + rH?

- HIx] 12— —————
rH+ 4 x2 + rH?

S[x_] := rH? + x?;

il 1= FO[X_, 6_] := fo[6] + fox[8] x + FOxx[6] x*;
F1[x_, 6_] := f1[0] + F1x[6] x + F1xx[6] x?}
F2[x_, 6_] := f2[0] + f2x[6] x + F2xx[6] x?;
W[x_, 6_] := w[6] + wx[6] X + wxx[6] x*;

0™ Order Approximation

In[«]:= S'impl'ify[Ser'ies[x Eql, {x, O, 0}], rH > o]

out[« ]=
Lo f

- = g2 fole2 26 2 gyt (rH2 wx[8]* + 2 w'[e]z) +0[x]*
2
inf-1= Simpli fy[Ser-ies[x2 Eq2, {x, O, 0}], rH > 0]

Out[« ]=

62 FOlel2 F206] 2 54 gy (rH2 wx[6]* +2 w’[e]z) +O[x]*

In[+]:= S'impl'ify[Ser"ies[x Eq3, {x, 0, 0}], rH > 0]
Out[e ]=

-2 (e"z Foe}2 F2[6] 1142 54 ng)3 (rH2 wx[8]% + 2 w'[e]z)) +O[x]*
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In[«]:=
Out[« ]=

In[+]:=

Out[e ]=

In[+]:=

Out[« ]=

In[«]:=

In[«]:=

Out[e ]=

In[+]:=

Out[« ]=

In[«]:=

out[« ]=

In[+]:=

Out[« ]=

In[+]:=

Out[« ]=

In[«]:=

Out[« ]=

Simplify[Series[Eq4, {x, 0, 0}], rH > 0]
ox]*

S'imp'L1'fy[Ser1'es[x2 ConstrainEql, {x, 0, 0}], rH > 0]

1
= 2 (FolelF1[e-2[0) - 5[ (rH3 wx[6]? - 2 rH w'[e]z) +0[x]*
2

S'impl'ify[Ser'ies[x2 ConstrainEq2, {x, 0, 0}], rH > 0]

o2 (FO[ElFIE-2[0]) 142 54 n[e]2 wx[6] w6] + O[x]*

Conclusion:

w[@_] := QH;
wx[@_] :=0;

15t Order Approximation

Simpli fy[Series[x Eql, {x, O, 1}], rH > 0]
- f2x[6] Sin[6)* x + O[x]*

Simpli fy[Seri es[x2 Eq2, {x, O, 1}], rH > 0]
f2x[6] Sin[6)? x + O[x]?

Simpli fy[Ser‘ies[x Eq3, {x, 0, 1}], rH > 0]
2 (2 fox[6] + fzx[e]) Sin[@] x + O[x]?
Simplify[Series[Eq4, {x, 0, 1}], rH > 0]
o[x)®

Simpli fy[Ser'ies[x2 ConstrainEql, {x, 0, 1}], rH > 0]
e 2 T8 (_ fox[a] + F1x[6]) x + O[x]?

Simpli 'Fy[Ser'ies[x2 ConstrainEq2, {x, 0, 1}], rH > 0]

e2flel (- for[g) + F1[6]) x ,
+0[x]

rH2

Conclusion:
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1= fO[e_] := f1[6] + c;
f2x[6_] := 03
fox[6_] :=0;
fix[6_] := 0

In the end

ml[-1:= FO[r, 6]
Oout[+ ]=

c +r? foxx[o] + f1[6]

ml[-]:= F1[r, 6]
out[+ ]=
f1[6] + r? f1xx[6]

ml-1:= F2[r, 6]
out[« ]=
f2[6] + r? f2xx[6]

ml-1:= W[r, 6]

Out[« ]=
OH + r2 wxx[6]

Expansion on the poles 8=0

Clear Variables
Input Equations of Motion

Computation

1= FO[X_, 8_] := fO[x] + fO8[x] 6 + f0O6[x] 6%}
F1[x_, 6_] := f1[x]+ f16[x] 6+ f166[x] 6°;
F2[x_, 6] := f2[x] + f26[x] 6 + f266[x] 6°;
W[x_, 6_] := w[x]+w6[x] 6 + weo[x] 02;

0™ Order Approximation
- 1= Simplify[Series[Eql, {6, O, O}]]

Oout[+ ]=

o[e*
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in[-]= Simplify[Series[Eq2, {#, O, 0}], rH > 0]
Out[« ]=

o[e)*

in[-1= Simplify[Series[Eq3, {#, O, 0}], rH > 0]
Out[e ]=

2 x TOO[x]
— +0[6*
H[x] = S[x]

- 1= Simplify[Series[Eq4, {6, O, O}], rH > 0]
Oout[+ ]=

ofer*

In[«]:= S'impl'ify[Ser'ies[G ConstrainEql, {6, 0, 0}], rH > 0]
Out[« ]=
2 (672 71 (£161x] - F26[x))

- +0[6]*
S[x]

In[e]:= S'imp'h'fy[Series[G ConstrainEq2, {6, 0, 0}], rH > 0]
Out[« ]=
672 7 (f1'[x] - F2'[x])
S[x]

+0[6]*

Conclusion:

ml-1- fOO[x_] :=0
f20[x_] := f16[x]
fil[x_] := f2[x]+c

15t Order Approximation

1= Simplify[Series[Eql, {6, O, 1}]]
Oout[+ ]=

o[

1= Simplify[Series[Eq2, {6, O, 1}], rH > 0]

Out[« ]=

2 f16[x] 6
+0[6]

HIx] « S[X]
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in[-]= Simplify[Series[Eq3, {#, O, 1}], rH > 0]
Out[« ]=

1
2 H[x] S[x]?
(16 x FOOO[X] « S[x] + S[X] (-x H'[x] S'[X] + 2 S[X] ((3 +3 x fO'[x] + X f2’[x]) H'[x] + x H"[x])) +H[x] (x SIx]? +
4 S[x] (x FO[X]2 + F2[x] + FO'[x] (2 +x f2/[x]) +x fO”[x]) -2 x S[X] (fz/[x] S'[x] + S”[x]))) 6 + 0[]

nf-1:= Simplify[Series[Eq4, {6, 06, 1}], rH > 0]

Out[« ]=
3 x2wo[x] 8
HIx] = S[x]

+0[6]?

In[e]:= S'imph'fy[Series[G ConstrainEql, {6, 0, 1}], rH > 0]

Out[e ]=
1

0—2 (c+f2[x])
4 x S[x]?

(-2 x H[x] S'x]% + S[X] (-4 X +8 x F0B0[x] - 4 x F16[x]? - 16 x F166[x] + 24 x £266[x] + 6 H[x] S'[x] +
6 x H[x] FO'[x] S'[x] - 2 x H[x] F2/[x] S'[X] + 3 x H'[x] S’[x]) -2 S[x]? ((3 +3 x fO[x] - x f2'[x]) H'[x] +
2 H[x] (x FO'[X]? - 2 F2'[x] - x F2[x]? + FO'[X] (2 -2 x f2’[x]) +x (FO[X] + f2”[x])) +X H”[x])) 0+ 0[6]°

Infe]:= S'imph'fy[Series[G ConstrainEq2, {6, 0, 1}], rH > 6]
Out[e ]=

g2 (c+f2) (-2 x H[x] f18[x] + f16[x] (2 HIx] (1 +x FO[X] + X f2’[x]) +X H’[x])) 8

+0[6)°
2 x H[x] = S[x]

Conclusion:

ml-1= f1O[x_] := 0
wllx_] := 0

In the end

In[«]:= FO[r, 8]
Out[« ]=

fo[r] + 6% fOO0[r]

(- ]:= F1[r, 6]
out[« ]=

c + 62 f166[r] + f2[r]

ml-1:= F2[r, 6]
Out[e ]=
f2[r] + 6 £260[r]



6 | SeriesExpansion_Kerr.nb

ml- 1= W[r, 6]
Out[« ]=
w[r] + 6% woo[r]



