Equations of Motion for the Kerr
problem

Clear Variables

This command clears every variable that is in memory. It will clear variables in all open notebooks.

m[-]:- ClearAl1l["Global "]

Introduction of the Ansatz for the metric

nf-1= dim = 43
coord = {t, x, 6, @};

in[-1:= gmet =
-Exp[z FO[x, 9]] %Zq HIX] + Exp[z F2[x, e]] S[x] Sin[6]* W[x, 6] 0 0 -E
Exp[2 F1[x, 9]]
0 0 Exp[2 F1[x, a]] S[x]
-Exp[2 F2[x, a]] S[x] Sin[6] W[x, 6] 0 0

1= g1 =FullSimplify[Inverse[gmet]];
detg = FullSimplify[Det[gmet]l;
sqrtdetg =
Fu'L'LS'imp'L'ify[ [-detg , x > 0 &&F1[x, 6] > 0 & F2[x, 6] > 0 && FO[x, 6] > 0 && Sin[6] > o];

The next line is only done to be a bit easier to write the computations

in[-]:= Do[gx[u, v]=gmet[u, vl, {u, 1, dim}, {v, 1, dim}];
Do[gxi[u, v]=gillp, v, {u, 1, dim}, {v, 1, dim}];
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In[« ]:= Pr'int["Metr'ic: ", gmet // Matr'ixForm]
Pr'int["Inverse Metric: ", gill Matr'ixForm]
Pr'int["Determ'i nant: ", detg]

Pr'int["Squar'eRoot of the Determinant: ", sqrtdetg]

EZ FO[x, 6] 2 . .
XM, 62720000 S[x] SAnfel2 Wix, 6 0 o -e*™ulSpSiniel wix, 6]
o2 Flix, 8
Metric: © HiX] © 0
0 0 62 F1[x,6] S[X] 0
-2 F2%:8 S[x] Sin[62 W[x, 6] 0 0 e* P20 s[x] Sinfe
_ 872 FOIx, 6 S[x] O 0 _ e—z Folx, 6] S[x] W[X’g]
X2 Hix] x2 H[x]
0 €2 F1%6] Y] 0 (0]
Inverse Metric: 2 kel
0 0 £ 0
S[x]
_ &2 P61 g1y W[x , 6] 0 0 &2 P28 Csclo? _ &2 "0 gix Wx , 6]
X2 Hix] S[x] x? H[x]

Determinant: -eg?(Feloel2Fiix,a1F2x,6]) 2 S[x] Sin[6]?

SquareRoot of the Determinant: ef@2Fix,a+F2x,ely . [5Iy] Sin[g]

Christoffel Symbols: ¥, = % g“ﬁ(aagvﬁ +0,98a— aﬁgva)

1
Il J:= Do[Chr'istoffe'l.[p, v, a] = > Sum[gx-i[y, Bl (Dlex[v, B], coord[al] +D[egx[B, a], coord[v]] -

DIgx[v, al, coordlBIN), (B, 1, dim}], {u, 1, dim}, {v, 1, dim}, {a, 1, v}];
Do[Christoffel[y, a, v] = Christoffelly, v, al, {u, 1, dim}, {v, 1, dim}, {a, 1, v}];

If you want to see the several components of the Christoffel symbols, uncomment the next lines

In[- ]:= (*Pr'int[
"\n Nonzero Components of the Christoffel Symbols: \n(Attention to the
Christoffel Symbols Symmetry ¥, = r”a,,)\n"]
Do[
If[UnsameQ[Christoffelluy,v,a],0],

Print["I",coord[u],",",coordlv]l,",",coord[al,"]=",Christoffel[u,v,a]ll
s{m,1,dim},{v,1,dim},{a,1,v}]*)
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Riemann Tensor
R'Uvaﬁ = aa Fuvﬁ - 65 F“,,a + F“ay F‘/Vﬁ - F“By Fyva

in[- .= Do[RiemannTensor[u, v, a, B] =
D[Christoffellu, v, B], coordla]]] -D[Christoffel[u, v, a], coordIpl] +
Sum[Christoffel[y, a, y] « Christoffelly, v, Bl, {y, 1, dim}] -
Sum[Christoffel[y, B, y] ~ Christoffelly, v, al,
{v, 1, dim}], {u, 1, dim}, {v, 1, dim}, {a, 1, dim}, {B, 1, a}];
Do[RiemannTensor[u, v, B, a] = -RiemannTensor[y, v, a, Bl,
{w, 1, dim}, {v, 1, dim}, {a, 1, dim}, {8, 1, a}];

If you want to see the several components of the Riemann tensor, uncomment the next lines

In[+]:= (*Pr'int[" Nonzero Components of the Riemann Tensor: \n(Atention
to the antisymmetry of the Riemann tensor R”Vap=—R“V,,a)"]

Do[
If[UnsameQ[RiemannTensor[y,v,a,p],0],
Print["R¥ 4l[",coordlul,",",coordlv],
",",coordfa],",",coordlB],"]=",RiemannTensor[u,v,a,pflll
s{W;1,dim},{v,1,dim},{a,1,dim},{B,1,a}]*)

Ricci Tensor
Ryp = Ruvuﬁ =0y FUVB -0 ruvu + F“W FYVB - rqu ryvu

in[-1:= Do[RicciTensor[v, B] = Sum[RiemannTensor[u, v, u, Bl, {8, 1, dim}], {v, 1, dim}, {B, 1, v}];
Do[RicciTensor[B, v] = RicciTensor|[v, B], {v, 1, dim}, {8, 1, v}I;

If you want to see the several components of the Ricci tensor, uncomment the next lines

In[«]:= (*Pr'int[" Nonzero Components of the Ricci

Tensor: \n(Attention to the Ricci Tensor Symmetry R”v=Rv”)"]

Do[
If[UnsameQ[RicciTensor|[v,pB],0],
Print["R,[",coord[v],",",coord[B],"]=",RicciTensor[v,B]]
s{v,1,dim},{B,1,v}]+)

L] L[] V
Ricci ScalarR=9g""R,,
- 1:= Ricci = Sum[gxi[u, v] » RicciTensor[u, v], {u, 1, dim}, {v, 1, dim}];
If you want to see the Ricci scalar, uncomment the next lines

Inf+]:= (*Pr-int[" Ricci Scalar : "]

Pri nt["R = ",Ri cci]*)
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Einstein Tensor G, =Ry, — 2 g R

1
In[+]:= Do[E‘inste‘inTensor[u, v] = RicciTensor[uy, v]- - gx[u, v]Ricci, {y, 1, dim}, {v, 1, y}];
2
Do[EinsteinTensor[v, y] = EinsteinTensor[uy, v]l, {y, 1, dim}, {v, 1, u}l;

If you want to see the several components of the Einstein tensor, uncomment the next lines

Inf«]:= (*Pr-int[" Nonzero Components of the Einstein
Tensor: \n(Attention to the Einstein Tensor Symmetry E,,V=EV,,)"]

Do[
If[UnsameQ[EinsteinTensor[u,v],0],
Print["G,[",coord[u],",",coord[v],"]=",EinsteinTensor[u, v]]]
»{H,1,dim},{v,1,u}l*)

Mixed Einstein Tensor G," =g*V G o =R," - % o, R

in[- .= Do[MixedEinsteinTensor[uy, v] = Sum[gxi[a, v] « EinsteinTensor[u, a], {a, 1, dim}],
{p; 1, dim}, {v, 1, dim}];

If you want to see the several components of the mixed Einstein tensor, uncomment the next lines

In[- ]:= (*Pr'int[" Nonzero Components of the Mixed Einstein Tensor: "]
Do[
If[UnsameQ[MixedEinsteinTensor[u,v],0],
Print["G,"[",coord[u],",",coord[v],"]=",MixedEinsteinTensor[y, v]]]
s{H;1,dim},{v,1,dim}]«)

Kretschmann Scalar K =
Ruvaﬁ RHVOF = 9uy RyVaﬁ gUV g)\a geﬁ RIJU/\E

ATTENTION!! These lines will take a lot of time and memory do to the Simplify function. It may
“crash” Mathematica and clear all memory used by it, cleaning all variables. Thus, be careful.

in[-]- Do[CovariantRiemannTensor[u, v, a, B] =
Simplify[Sum[RiemannTensor[p, v, a, Bl ~ gx[y, pl, {p, 1, dim}l,
{u, 1, dim}, {v, 1, dim}, {a, 1, dim}, {8, 1, dim}];

- .- Do[ContravariantRiemannTensor[y, v, a, B] =
Simplify[Sum[RiemannTensor[u, p, o, 8] » gxi[v, p] » gxi[a, o] » gxi[B, 4],
{p; 1, dim}, {0, 1, dim}, {6, 1, dim}]],
{u, 1, dim}, {v, 1, dim}, {a, 1, dim}, {8, 1, dim}];
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iml-]- KretschmanScalar = ExpandAl1l]
Sum[CovariantRiemannTensor[y, v, a, B] - ContravariantRiemannTensor[uy, v, a, Bl,
{u, 1, dim}, {v, 1, dim}, {a, 1, dim}, {8, 1, dim}ll;

Inf+]:= (*Pr-int[" Kretschman Scalar : "]

Pri nt["K =", KretschmanScalar]*)

Energy-Momentum Tensor

For the Kerr solution, the energy-momentum tensor is zero.

Full Equations

[~ - Do[Equations[uy, v] = ExpandAll[MixedEinsteinTensor[u, v]], {y, 1, dim}, {v, 1, dim}]
st H . t r 0 _
1% Equation: -G +G/ +Gg -G,?=0

@* P x sin[e]?
ml-1:= Eql = ExpandAll]- (-Equations[l, 1]+ Equations[2, 2] + Equations[3, 3]
2 H[x]

- Equations[4, 4])];

2" Equation: G'+G," +Gg®-G,?+2W G, =0

eZ F1[x, 6] s.in[G]Z
ml-1- Eq2 = ExpandAll[— (Equat‘ions[l, 1] + Equations[2, 2]+ Equations[3, 3]
2 H[x]

- Equations[4, 4]+ 2 W[x, 6] - Equations[4, 1])];

34 Equation: -G/ +G, +Ge®+G,?-2W G, =

@* P x sin[6]

ml-1:= EQ3 = ExpandA'L'l.[ (-Equations[l, 1] + Equations[2, 2]+ Equations[3, 3]

H[x]
+Equations[4, 4] -2 W[x, 6] - Equations[4, 1])];
4% Equation: G,'=0

2 @2 (FOIx, 6+F1[x, 6]-F2[x,, 6]) y 4
ml-1= Eq4 = ExpandA'L'l.[—

(Equations[4, 1])];
S[xJ?

1%t Constrain Equation: G, -G,?=0

m[-]- ConstrainEql = ExpandAll[Equations[2, 2] - Equations[3, 3]];
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2"d Constrain Equation: G,°=0

in[-]= ConstrainEq2 = ExpandAll[Equations[2, 3]];

Output for the “Expansion” file

nl-1:= Eql
Out[« ]=

Sin[6? SIx] x Sin[6> S"[x] x Cos[6] Sin[6] FO®:Y[x, 6] x Sin[6]*> FO®:Y[x, 6] F2©:Y[x, 6]
- + - - -—

2 S[X] 2 S[X] H[X] « S[x] H[x]  S[x]

e 2 FODoel2 F20x:6] g1y Sin[el* W@ x, 67  x Sin[6]? F1®:2[x, 6] x Sin[g]* S'[x] FOO)[x, 6]
+ - +
4 x H[x]? H[x] ~ S[x] 2 S[x]

x Sin[6 H[x] F1%9x, 6] x Sin[6] S [x] F13:9[x, 6]
+

- sin[e)? F24:%x, 6] -

2 H[x] 2 S[x]
Sine? H[x] F20:%x, 6]  x Sin[6]* S'[x] F2(::9)[x, @
x Sin[6] H'[x] [x, 6] . x Sin[6]” S'[x] [x, 6] xS FobOx, 6] F2 O, 6] -
2 H[x] 2 S[x]

6_2 F0[X,9]+2 FZ[X,G] S[X]Z Sq n[9]4 W(l,e)[x , 9]2

+x Sin[eP F1®9x, g]
4 x H[x]

Sin[e)?  Sin[B? S[x] Sin[BPH[x]S[x] Sin[6? S x> Sin[6]?S"[X]

- + + + +
HIx] ~ S[x] 2 x S[x] 2 H[x] ~ S[x] 4 S[x]? 2 S[x]
Cos[6) Sin[6] FOP:Y[x, 8] 2 Cos[6] Sin[6] F2®:Y[x, 6] Sin[6]*> FOl:Y[x, 6] F2®:Y[x, 6]
H[x] » S[x] i H[x] » S[x] ' H[x] = S[x] '
Sin[el? F2@Y[x, 67 e 2Folel2F2Ax:6 g1y sin[g1* w®:Y[x, 6]
Mo Sbd 2 X P '
Sin[6? F22[x, 6] Sin[6]? S[x] FOL9x, 6] Sin[6]? F2(:9[x, 6]
H[X] « S[X] i 2 S[x] ' X '
LGy H'[:][:]z(m)[x’ i + Sin(or S'[);][:]z(l’e)[x’ i +Sin[a]? FOMOx, 6] F20%x, 6]+

) R Lo 5 @_2 FO[x,6]+2 F2[x, 6] S[X]Z S.In[e]4 W(l’e)[X, 9]2 ‘ 5 -
Sin[6]? F29x, 61 + +Sin[e? F2@:9x, 6]
2 x? H[x]
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In[«]:= Eq3

Out[« ]=

3SIn[BH[x] xSin[BHx]SIx] xSin[@]S[x]? xSin[BIH[x] x Sin[6]S"[x]
- + + - +
HIx] 2 H[x] ~ S[X] 2 S[x]? HIx] S[x]

2 x Cos[6] FO©®:[x, 6] 2 x Sin[6] FO@:Y[x, 6] 2 x Sin[6] FO@:Y[x, 6] F2@:Y[x, 6]
+ + -

HIx] < S[x] HIx] ~ S[x] HIx] - S[x]

e 2 Fo 82 F20,6] g1y sqn[e]® W@ Yx, 61 2 x Sin[6] FO®2[x, 6]
+ +4Sin[6] FOH%x, 6]+
x H[x]? HIx] - S[x]

3 x Sin[6] H[x] FOX9)[x, 6]

+2 x Sin[6] FOMOx, 6% +2 Sin[6] F2(:9x, 6] +
HIx]

x Sin[O) H[x] F259x, 6] x Sin[6] S[x] F2t:9[x, 6]

+2 x Sin[e] Fo:9x, 6] F259x, @] -
H[x] S[x]

6_2 FO[x,6]+2 F2[x, 6] S[X]Z Sq n[9]3 W(l,O)[X , 9]2

+2 x Sin[6] FO?:%[x, 6]
X H[X]

ml-1:= Eq4
Out[e ]=

3 x2 Cos[6] SinOIWCY[x, 6] x2Sin[6]? FOC:Y[x, oW Y[x, 6]
HIX] - SIX] ) HIX] - S[X]

+

3 x2Sin[6? F2@N[x, g w®Y[x, 6] x?Sin[6]? W@ [x, 6]
+

- x Sin[eP w9 x, 6]+
H[x]  S[x] H[x]  S[X]

5 x2 Sin[6] S'[x] WE:9[x, 6]

- x2 Sin[e? FO®Ox, gl wt-Ox, 6]+
2 S[x]

3 x2sin[e)? F20:9x, 1w 9[x, 6]+ x? Sin[6]> W% x, @]
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in[-]= ConstrainEql

Oout[« ]=

6_2 Fl[X,G] 3 6_2 Fl[X,Q] H’[X] 3 6—2 Fl[X,S] H[X] Sr[x] 3 e—Z Fl[x,e] H,[X] Sr[x]
- — + + -

S[x] 2 x 2 x S[x] 4 S[x]

_2F1[x,6 12 _2 F1[x,6 0,1 2
e 2F1%8 Hix] S'[x] _EG‘ZFJ-[X)G] H”[x]+e 6 Fp(®:Yx, @] i

2 S[xP? 2 SI]

2 2P0 cot[g) F10Y[x, 6] 26270 Fo®Y[x, 6] F10:Y[x, 6]
- +
S[x] S[x]

2 e—Z F1[x,6] COt[G] F2(G,1)[X , 9] 2 e—Z F1[x,6] Fl(@,l)[x , 9] Fz(esl)[x s 9] 0_2 F1[x, 6] Fz(esl)[x s 6]2
- +
S[x] SIX] S[x]

e—Z Fe[x,e]—z Fl[X,€]+2 FZ[X,H] S[X] S.i n[e]z W(O,l)[x , 6]2 9—2 Fl[X,Q] Fo(e,z)[x s 6]
+ +

2 x? Hix] SIX]

-2 Fl[X,e] F2(Q,2) 2] 2 -2 Fl[x,@] H FG(I,G) 0
e [x, 6] _2e [X] [x, 6] _E &2 F108] 1 FoOx, 6]+
S[x] X 2

3 e 2F1x8] Hx] S'[x] FOL:O)x, @] 2 e 2FH0 Hix] F1(9)x , 6]
+

- e 2P Hix Fob9)x , 61 +
2 S[x] X

1
e 2F1[x,6] H[x] Fl(l,@)[x’ 6]+ 2 e F1[x, 6] Hx] FO(l,O)[X, 6] Fl(l’e)[x, 6-— e2 F1[x, 6] H'[x] F2(1’°)[x, o] -
2

e 2F1%:6] Hix] s'[x] F2(19x, 6]
+

5 g 2 F1[x,6] HX] Fl(l’e)[x, 6] F2(1’°)[x, 0] -
2 S[x]

-2 FO[x,6]-2 F1[x, 6]+2 F2[x, 6 2 cinrgr2 witso 2
62 F10 g F2lbO) 6]2+e [x,6]-2 F1[x, 6]+2 F2[x, 6] g[x]2 Sqn[g]2 W:%[x, 6] )
3
2 x?

6 2FU% 6 iy FO:9)x, 6] - 672 FH% 8 Hix] F22:9)x, g]
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in[-]= ConstrainEq2

Oout[« ]=

6—2 F1[x,6] Fo(e,l)[x’ 6] 6—2 F1[x,6] Hr[x] FO(Q, 1)[X s 9] 6_2 F1[x,6] sr[x] Fo(e,l)[x , 6]
+ +
x S[X] 2 H[x] - SIX] SIx?
6_2 Fl[X,e] Fl(e,l)[x s 9] 6_2 Fl[X,Q] HI[X] Fl(@,l)[x s 9] 0_2 Fl[X,S] Fo(e,l)[x , 9] FO(l’B)[X , 9]

+
x S[x] 2 H[x] = S[x] SIX]

+

e 2P F10:0x, g FO®:O)x, 6] e 270 Cot[g] F14:0)x, 6]
+ +
S[X] SIx]

e 2P0 Fp@:bx , g F1(1:0)[x, 6] € 2FU%f F20:3[x, 6] F1%:9)x, ]
+ -

S[x] S[X]
e 2P0l cot[g) F20x, 6] e 2FU%0 F10:Y[x, 6] F2:9)x, 6]
S[x] ' S[x] i
e 2F1x:6 F2(0, 1)y g F2(1:0)[x, @] @ 2Folx, 812 F1lx, 812 F2[x,6] g[y] Sin[g]2 W [x, 8] We:O)[x, @]
SIx] i 2 x2 H[x] )

e—Z F1[x,6] Fe(l,l)[x s 9] e—z F1[x, 6] Fz(l,l)[x s 9]

SIx] SIx]

m[-1= R=FullSimplify[Ricci]

Out[+ ]=
1

2RI (g2 P2 [y Sin[] WOV x, 6] -
2 x2 H[x] ~ S[x]
Hx] (62 PP x? (Hx] ST + 4 (- 1+ FO® U, 6] (Cotie] + Fol®Yix, 6]) +(2 Cotle]+ Fol®x, 6])
F20:4x, 61+ F20Yx, 6" + Fol®A[x, 6]+ F1®2[x, 6]+ F2*?x, 6))+
2.6* PP S[x (x H'[x]+ HX] (3 +x (3 FO 01k, 61+ F1&%)1x, 61+ 2 F2lH9[x, ]))) -
&* P25 sIx® sinfer whix, o) -
2 2 FO 8l y Hx]? (x S"[x] + x S'[X] (Fl(l’e)lx , 61+2 F20 9, 9]) *
2 5[x1 (x FO-O1x,, 61 + F29x, 6]+ Fol-O[x,, 6] (2 +x F20x, ]+

x (F2091x, 6 + FO»O1x, 6]+ F12:%1x, 6]+ F2%:%)x, g1))))
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ml[- - KretschmanScalar
Oout[+ ]=

440G g g PG 2 126 FUGAHIX HIX]SX] 96 *TIOTHIX2S[X] 26 *FHOTHX SIX? 667 T Hix)? S'x]?

Six)? * x2 x2 S[x] X S[x] S[x]? x2 S[x]?

+ X_12 4 @_2 FO[x,6]-4 F1[x,6]+2 F2[x, 6] H[X] S[X]Z Sq n[e]Z Fo(l,G)[X s 9] W(l,@)[x s 9] W(Z,@)[X s 9] +
X_lz 4 e—Z FO[x,6]-4 F1[x, 6]+2 F2[x, 6] H[X] S[X]2 S n[9]2 Fl(l,@)[x s 9] W(l,@)[x s 9] W(Z,O)[X s 9] _
X_lz 12 6_2 FO[x,6]-4 F1[x,6]+2 F2[x, 6] H[X] S[X]Z Sq n[9]2 Fz(l,@)[x s 9] W(l,e)[x s 9] W(Z,B)[X s 9] _

2 e-z FOx,61-4 F1ix,6]+2 F2[x, 6] H[x] S[X]Z sS4 n[e]Z W(Z,O)[X s 9]2
2

X

large output show less show more show all set size limit...



