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Compact Object Course- Overview

Our Goalss

A Understand the frameworks to model
compact objects and ultracompact
objects in general relativity.

How will we do {t?
A What are compact objects?

A Types of compact objects? How to
model them?

A What are exotic compact objects? Why
do we care?

A How to model them?

A How to test for them



Compact Object Course - Overview

Some time ago...

W TECNICO LISBOA

Topicos em Relatividade Geral e Cosmologia

Course description

8 fevereiro 2016, 11:42 Vincenzo Vitagliano

Introduction to QFT in curved spacetime (8 lectures) - Dr. Vincenzo Vitagliano

Canonical quantization and particle production. Quantum fields in an expanding universe. Bogoliubov transformations.

Unruh effect. Hawking radiation and black holes thermodynamics. The Casimir effect. Path integrals and vacuum polarization.
Effective action for a driven harmonic oscillator and in general. Semiclassical gravity. Zeta function renormalization.
Computation of functions using heat kernels.

Compact objects (8 lectures) - Dr. Caio Macedo

Newtonian stars and dark stars. Relativistic matter: equation of state. Equilibrium configurations.
Basic properties of white dwarfs and neutron stars. Black holes: brief view. Stars formed by fundamental fields:
boson stars, oscillatons, singlets.

Introduction to numerical relativity (4 lectures) - Dr. Andrea Nerozzi

Numerical methods for solving partial differential equations. Elliptic equations. Hyperbolic equations.
Fixed and adaptive mesh refinement. The two-body problem in general relativity.

3+1 splitting of spacetime. Extrinsic curvature. The constraints. ADM evolution equations. BSSN evolution
equations. Numerical solution of the constraints. Wave extraction and the Newman-Penrose formalism.



Compact Object Course - Overview

Some time ago...

Now | will try give you a (short) updated
version!

W TECNICO LISBOA

Topicos em Relatividade Geral e Cosmologia

Course description

8 fevereiro 2016, 11:42 Vincenzo Vitagliano

Introduction to QFT in curved spacetime (8 lectures) - Dr. Vincenzo Vitagliano

Canonical quantization and particle production. Quantum fields in an expanding universe. Bogoliubov transformations.

Unruh effect. Hawking radiation and black holes thermodynamics. The Casimir effect. Path integrals and vacuum polarization.
Effective action for a driven harmonic oscillator and in general. Semiclassical gravity. Zeta function renormalization.
Computation of functions using heat kernels.

Compact objects (8 lectures) - Dr. Caio Macedo

Newtonian stars and dark stars. Relativistic matter: equation of state. Equilibrium configurations.
Basic properties of white dwarfs and neutron stars. Black holes: brief view. Stars formed by fundamental fields:
boson stars, oscillatons, singlets.

Numerical methods for solving partial differential equations. Elliptic equations. Hyperbolic equations.
Fixed and adaptive mesh refinement. The two-body problem in general relativity.

3+1 splitting of spacetime. Extrinsic curvature. The constraints. ADM evolution equations. BSSN evolution
equations. Numerical solution of the constraints. Wave extraction and the Newman-Penrose formalism.



Compact Objects
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Back to basics

What detines how compact a celestial body is?
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Back to basics

What detines how compact a celestial body is?

g: 9 e?"

What macroscopic guantities are needed to define the gravitational
field of a finite-size body?

1. Mass



Back to basics

What detines how compact a celestial body is?

g: 9 e?"

What macroscopic guantities are needed to define the gravitational
field of a finite-size body?

1. Mass

2. Radius



Back to basics

What detines how compact a celestial body is? i

— - = —
P = e o
- —
o
-

What if light cannot escape?
mark Stamsillohn Mitchel, 1783

Dimensionless quantity:

M
C—G

c’R




Compact Objects in Our Universe

Table 1.1
Distinguishing Traits of Compact Objects
Mass* Radius® Mean Density  Surface Potential

Object (M) (R) (g cm™?) (GM/Rc?)
Sun M, R, 1 10-°
White dwarf <M, ~1072Rg <10’ ~10~*
Neutron star ~ 1-3M, ~107°Rg <107 ~10""
Black hole Arbitrary 2GM/c? ~M/R? ~1

M, = 1989 x 103 ¢
’Ro = 6.9599 X 10'% cm

[Table 1.1: Black Holes, White Dwarfs and Neutron Stars: The Physics of Compact Objects,
Shapiro &Teukolsky]



Compact Objects: A definition

Compact Object (CO):
Object who's exterior spacetime contains an ISCO.

R <6M
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Compact Objects: A definition

Compact Object (CO):
Object who's exterior spacetime contains an ISCO.

R <6M

Ultracompact Object (UCO):
Object who's exterior spacetime contains ghotonsphere.

R<3M

Exotic Compact Object (ECO):
Compact object that is not a black hole nor a neutron star.

Black Hole Mimicker:
Ultracompact object that is mimics the properties of a black hole.



Compact Objects in Our Universe

< 8 Solar Masses [8, 25] Solar Mass > 25 Solar Mass

White Dwarf Neutron Star Black Hole

<




Black Holes
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experience has been the realization that an exact solution of Einstein's
equations of general relativity, provides the absolute exact representation of
cUqYdOl tOU2 GHII + OYNnHOG et + R2IJIOHG ¢ HE K06 Y G 131

S. Chandrasekhatr,
The Nora and Edward Ryerson Lecture, Chicago 1975



Black Holes

experience has been the realization that an exact solution of Einstein's
equations of general relativity, provides the absolute exact representation of
cUqYdOl tOU2 GHII + OYNnHOG et + R2IJIOHG ¢ HE K06 Y G 131

S. Chandrasekhatr,
The Nora and Edward Ryerson Lecture, Chicago 1975

One single exact solution:
A Stellar BHs

Black Holes aresimple and A Supermassive BHs

economical ! _
Only requires two/three parameters

A Mass, Angular Momentum, Charge



Neutron Stars

Layered Structures

Outer Crust:

A Coulomb lattice with heavy nuclei &
degenerate electron gas

log;o(po[gem™])

Inner Crust:

A Lattice of neutron-rich nuclei together witr
superfluid neutron gas and electron gas.

Outer Core:
A A homogeneous fluids layerU G ldmatter.

Inner Core:

A Big questions here: deconfined quark
matter, hyperons, BoseEinstein meson
HYUI JUt cqldt B

----------------------------

| R R —— o Outer crust.
i ’ Inner crust .
- Outer core ;
i o1 Inner core
10} ~
i Q ) A
| & P
| 2
51
O ...................... i : 5 1
0 2 4 6 8 10 12 14
r/km

Quite complicated to model!

Neutron star EoSis one of themain open problems
In astrophysics!



Self-gravitating fluids

Outside the star:

Inside the star: P = 0

Vid =0

10



Tools to build a star!

The extension to GR was done in 1939.

' A.vast furnace burning' In outer space,
A \

[Clip of Oppenheimer, 2023]

11



Tools to build a star!

1) Our set of equations (from GR)s
AERUt qURUKY WJhe ¢ qRY U
A Stress-energy tensor conservation.

2) Spectiiy the form of metric g
A e.g. spherically symmetric;

3) Some form for the stress-energy tensors
A Perfect-fluid;

m’ = 4drr?p

On Massive Neutron Cores

J. R. OprENHEIMER AND G. M. VOLKOFF
Depariment of Physics, University of California, Berkeley, California
(Received January 3, 1939)

It has been suggested that, when the pressure within stellar matter becomes high enough,
a new phase consisting of neutrons will be formed. In this paper we study the gravitational
equilibrium of masses of neutrons, using the equation of state for a cold Fermi gas, and general
relativity. For masses under $©® only one equilibrium solution exists, which is approximately
described by the nonrelativistic Fermi equation of state and Newtonian gravitational theory.
For masses 1O <m<$® two solutions exist, one stable and quasi-Newtonian, one more
condensed, and unstable. For masses greater than §(© there are no static equilibrium solutions.
These results are qualitatively confirmed by comparison with suitably chosen special cases
of the analytic solutions recently discovered by Tolman. A discussion of the probable effect
of deviations from the Fermi equation of state suggests that actual stellar matter after the
exhaustion of thermonuclear sources of energy will, if massive enough, contract indefinitely,
although more and more slowly, never reaching true equilibrium.

RELATIVITY
THERMODYNAMICS

AND

COSMOLOGY’

BY

PROPESSOR OF PAYSICAL CHENISTRY AND MATHEMATICAL

3 .
¢/ _ m + 4nre P Tolman-Oppenheimer-Volkoff RIGHARD O. TOLMAN

r(r —2m) (TOV Equations T

P'=—(p+P)¢

FEBRUARY 15, 1939 PHYSICAL REVIEW VOLUME 55

12



Tools to build a star!

1) The tinal ingredients Equation of Statel

Specifies themicrophysics of the body. In general, can be quite complex.

P = p(n, 8)

Simplification: The fluid isadiabatic and isentropic.

| > P = P(p)

Most familiar form!

13



Fluid-ball conjecture

Static and asymptotically flat fluid solutions are
spherically symmetric!

Proved by Massod-ul-Alam, 2007] for realistic case
scenarios.




Equation of State

In general: No analytical solution.

Special case: Constant density star.

(1 - 2Mr* /R — (1~ 2M/R)'V

P03(1 = 2M/R)'/2 — (1 — 2Mr?/R3)1/2

What happens to our star when we increase the central pressure?

M/R — 4/9

15



72 HO61 BOuUnkK 1

Under some set of
assumptions, the compactness
of a selfgravitating object must
be bounded by:

M/R < 4/9

PHYSICAL REVIEW VOLUME 116, NUMBER 4 »

General Relativistic Fluid Spheres

H. A. Bucupaur*
Institute for Advanced Study, Princelon, New Jersey
(Received June 16, 1959)

In Part I of this paper certain well known results concerning the Schwarzschild interi
generalized to more general static fluid spheres in the form of inequalities comparing the bou
g4 With certain expressions involving only the mass concentration and the ratio of the central
to the central pressure. A minimal theorem appropriate to the relativistic domain is derived
pressure, corresponding to a well-known classical result. Inequalities involving the proper ¢
potential energy are also considered, as is the introduction of the physical radius in place of
radius. A singularity-free elementary algebraic solution of the field equations is presented ar
obtained from it compared with the limits prescribed by some of the inequalities. In Part ]
given to the question whether the total amount of radiation emitted during the symmetrice
contraction of an amount of matter whose initial energy, at complete dispersion, is Wo can e

Equation of State

Non-negative
density and
pressure

Perfect fluid

7]
o
—+
-~
o
o
<

Classic GR

Decreasing
density

9,

aticity

16



Maximum Compactness of Stars

x 1Jq Kt LN BudhdahEWelkap thiat
Buchdahlis a limit, but does it makephysical
sense?

Incompressible fluid = Infinite Sound Speed! Not
very realistic.

17



Maximum Compactness of Stars

x 1Jq Kt LN BudhdahEWelkap thiat
Buchdahlis a limit, but does it makephysical
sense?

What is thehighest compactness of a
physically viable compact object?

3"; »

,.;'*f,z

x’
.‘
I

a’

Incompressible fluid = Infinite Sound Speed! Not oo S s L
very realistic. [My very real ultracompact backpack iMarajo]

17



Integration of TOV equations

When you cannot do it analytically Integrate numerically!

1. Pick a value of the central density. The equation of state gives the central
pressure.

2. Integrate the system from r=0 outwards. EOS is used at each point to calculate
the density

3. When to stop calculation?

A When Pressure is zero, we have found the radius of the star!

4. What to do with the initial value of the potential?

19



Some analyticalEoS

A Constant Density: Checked! Leads toBuchdahl limit.

20



Some analyticalEoS

A Constant Density: Checked! Leads toBuchdahl limit.

A Constant adiabatic index: Two families of EOS:Tooper, 1965) P = KQ')/
1) Polytropes (Tooper, 1965); 2) Linear constant sound speed (Bondi, 1964):
K K
— CKY7g + ? p= 0 > P=(y-1
p 0 ~ 1 0 ~—1 I (vy—1)p
no bounded solutions for n>5 Scale-invariant , but no bounded solutions!
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Some analyticalEoS

A Constant Density: Checked! Leads toBuchdahl limit.

A Constant adiabatic index: Two families of EOS:Tooper, 1965)

1) Polytropes (Tooper, 1965); 2) Linear constant sound speed (Bondi, 1964):
K K v
= CK'"p+ v p= 0
P o v —1 0 v—1
no bounded solutions for n>5 Scale-invariant , but no bounded solutions!

A Affine constant sound speed:

_7—1 K y B B B
p=T=pot g0’ | > P=(y-1)(p— p)



Some analyticalEoS

A Constant Density: Checked! Leads toBuchdahl limit.

A Constant adiabatic index: Two families of EOS:Tooper, 1965)

1) Polytropes (Tooper, 1965); 2) Linear constant sound speed (Bondi, 1964):
K K v
= CK'"p+ v p= 0
P o v —1 0 v—1
no bounded solutions for n>5 Scale-invariant, but no bounded solutions!

A Affine constant sound speed:

v —1 K

Po T+

Y v—1

Always bounded. This class include® 61 Rt q Y1 Ye i Ye bt HOénd MIT Bag dadél (querk stams)
20
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Maximum Compactness of Stars

With constant sound speed EoSwe can look for bounds on
viable stars!

21



Maximum Compactness of Stars

With constant sound speed EoSwe can look for bounds on

viable stars!

Black Hole: C' = 0.5

BuchdahlBound: C' = 4/9

Causal BuchdahlBound: (0 = ().364

Causal Buchdahl bound + Radial Stability:
C = 0.354

Mass M

0.14
0.12
0.10
0.08F
0.06F
ook

0.02 )

. g
. &
| | | I 11 1 I L1 1 1 | 11 1 I

0.00  0.05
Radius R
[Urbano & Vermaeg 1810.07137]

0.10 0.15 0.20 0.25 0.30

102

102
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Realistic approximations of NSs

Tabulated EOS for Neutron Stars:

Construct EOS tables based on nuclear physics models. (APR4, Sly, MPA, H4, MS1, etc..)

BEY anaﬁel_l_l
preferred over

2000

1500

= 10001
/bE qEOB N kLl

[Ligd/Virgo, 1805.11581]

N
\ Less Compact \ %} h

More Compact

750

N

%
\/6\

1000 1250

22



Realistic approximations of NSs

Piecewise Polytrope
Different neutron star layers are approximated by differenpolytropes. (3 is good enough).

A Crust: Degenerate gas of relativistic electrons(see Chapter 2, Black Holes, White Dwarfs and Neutron
Stars: The Physics of Compact Objectsshapiro &Teukolsky)

v<4/3

23



Realistic approximations of NSs

Piecewise Polytrope
Different neutron star layers are approximated by differenpolytropes. (3 is good enough).

A Crust: Degenerate gas of relativistic electrons(see Chapter 2, Black Holes, White Dwarfs and Neutron
Stars: The Physics of Compact Objectsshapiro &Teukolsky)

v<4/3

A Middle: Degenerate gas of nosrelativistic neutrons.

v=15/3
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Realistic approximations of NSs

Piecewise Polytrope
Different neutron star layers are approximated by differenpolytropes. (3 is good enough).

A Crust: Degenerate gas of relativistic electrons(see Chapter 2, Black Holes, White Dwarfs and Neutron
Stars: The Physics of Compact Objectsshapiro &Teukolsky)

v<4/3
A Middle: Degenerate gas of nosrelativistic neutrons.
Y =15/3
A Core: Gas of ultrarelativistic quarks/fermions.
v =1

00WGRIHIJERIC | WWBHLE Y n qmll
23



Maximum Compactness of Stars

Superluminal

Casual Fluid Stars

i i
I I
: :

6 Fluid St

10 ui ars : :
Supermassive BHs : :
i i
: :
150 , |
I I
I I
: :
50 i i
: :
Stellar BHs : :
I I
5 : Neutron Stars :
I I
2 i i
I I
I I

2 3 ' g

Black Hole 295
Limit (horizon) (Buchdahl) (Photosphere) (1ISCO) ro/M

L — Compact Objects i

Ultracompact Objects

24



A Zoo of Compact Objects

Quantum Anisotropic Stars
Corrections

Supermassive BHs

150

Fuzzballs, gravastars,
wormholes, etc...

Boson Stars

O e e e e e ——— i —————

50
Stellar BHs
5)
Neutron Stars
2
2 >
Black Hole 295
Limit (horizon) (Buchdahl) (Photosphere) (1ISCO) ro/M
L — Compact Objects i

Ultracompact Objects

24



Exotic Universe

Why do we care about this?

~YqR2¢qRYUWMNa WbuNS W t JGaqRHC U wiOLL
70¢cHt WS YOIt Wel dWedat YWsuIFYqRAE®WIOWERUNDz2GCE! Ra! We qll

Motivation #2: '/eN 6 IJWIRT 3¢ 0 Rt q
Black holes and Neutron stars may be just 2 species in a largéoo of Compact Objects.

~YqR2¢ qRYUWMOa WsNG JWGI ¢NGCcqRHE®
Constraining everything else would help us validate the black hole model.

25
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Last lecture:

Compact Objects and Perfect Fluids:
A What are compact objects?

A Self-gravitating fluids

A Equation of State

A Buchdahl limit




Our ECO Wishlist

A If an ECO represents a BH alternative it should have less problems than BHs have

A If they form in Nature, we want:

1. Horizonless and Singularity free!

o
Regular Inside




Our ECO Wishlist

A If an ECO represents a BH alternative it should have less problems than BHs have

A If they form in Nature, we want:

How long can

1. Horizonless and Singularity free! i
it live?

2. Stable




Our ECO Wishlist

A If an ECO represents a BH alternative it should have less problems than BHs have

‘ ECO

Time-evolution

A If they form in Nature, we want:

1. Horizonless and Singularity free!
2. Stable

3. Formation mechanism

Physically Reasonable Initial Conditions



Our ECO Wishlist

A If an ECO represents a BH alternative it should have less problems than BHs have

A If they form in Nature, we want:

1. Horizonless and Singularity free! @
2. Stable
© ©

3. Formation mechanism

4. Well understood dynamics
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2 Approaches

OR

Parametrized
ECO
Model

Build an ECO modelled with some
general parameters



Compass to construct ECOs

72 HO61 BOuUnkK 1

Under some set of
assumptions, the compactness
of a selfgravitating object must
be bounded by:

M/R < 4/9

Non-negative
PHYSICAL REVIEW VOLUME 116, NUMBER 4 8 density and Perfect fluid Isotropy Classic GR
pressure

Decreasing
density

General Relativistic Fluid Spheres

H. A. Bucupaur*
Institute for Advanced Study, Princelon, New Jersey
(Received June 16, 1959)

In Part I of this paper certain well known results concerning the Schwarzschild interis
generalized to more general static fluid spheres in the form of inequalities comparing the bou
g4 with certain expressions involving only the mass concentration and the ratio of the central
to the central pressure. A minimal theorem appropriate to the relativistic domain is derived
pressure, corresponding to a well-known classical result. Inequalities involving the proper ¢
potential energy are also considered, as is the introduction of the physical radius in place of a . .
radius. A singularity-free elementary algebraic solution of the field equations is presented ar EXOtIC Other mattel’ AnISOtropIC
obtained from it compared with the limits prescribed by some of the inequalities. In Part ] o o
given to the question whether the total amount of radiation emitted during the symmetrice matter f|9|ds ﬂ ulds
contraction of an amount of matter whose initial energy, at complete dispersion, is Wo can e

ECOs in
modified
gravity

Multi-

Deformed

et objects

objects




Exotic Compact Object Models

Case NG JWmb2¢ URGOCwWs YI G6YTOWWHEET 1JKO
External Vacuum Solution
(typically, Schwarzschild or Kerr)

ds® = —(1 —2M /r)dt* + (1 — 2M /7) tdr?® + r2dQ?

Boundary conditions
on the surface

Interior Model

ds® = —(1 — 2M /r)dt?
+(1 = 2M /r) tdr? + r2dQ?

R —= To Fig. from [Cardoso,Franzin, Pani, 2016]



Exotic Compact Object Models

Case 2:N 6 igravastans LUH ¢vbzdd Mokbla, 2001]

External Vacuum Solution
(typically, Schwarzschild or Kerr)

ds® = —(1 —2M/r)dt* + (1 — 2M /7)) 'dr? + r?dQ?

Boundary conditions
on the surface

Interior Model

ds® = — (1 —2Cr*/ry)
+(1 - 2C'r2/rg)1d'r2 + r2dQ?

[Visser, Whiltshire, 2004]



Exotic Compact Object Models

Case 2:N 6 igravastans LUH ¢vbzdd Mokbla, 2001]

External Vacuum Solution
(typically, Schwarzschild or Kerr)

ds® = —(1 —2M/r)dt* + (1 — 2M /7)) 'dr? + r?dQ?

Boundary conditions
on the surface

Interior Model

This construction of ECOs is very forced.

ds? = — (1 — 2Cr2/’r'3)
+(1 - 2C'r2/rg)1d'r2 + r2dQ?

A No dynamics or formation;

A Stability studies are complicated.

[Visser, Whiltshire, 2004] 6



Anisotropic Stars

Non-negative
density and
pressure

Staticity

Exotic
matter

: : Decreasing
Perfect fluid Classic GR density
— 1 4

Other matter
fields

Anisotropic
fluids

ECOs in Multi-

modified layered
gravity objects

Deformed
objects



Anisotropic Stars

A The first discussion of anisotropy in the context of stars dates from [J. Jeans, 1922
A9YUqU+qUWY-hGé&WE CRIJE VLW qcl t O

AmnpAlRDUqG! w6 JWRUqJ! Ut qUWRUWE URY Yal YGEF

A Several works in the past have explored the structure and properties of anisotropic
stars.
[Heintzmann & Hillebrand, 1975; Herrera, 2013; Biswas & Bose, 2019; etc.]

A However, anisotropic stars have some problems.



Anisotropic Stars

Stress-energy tensor of an anisotropic fluids

C,XB — dlag(_uvpﬂ 7pJ_7pJ_)7



Anisotropic Stars

Stress-energy tensor of an anisotropic fluids

C,XB — dlag(_uvpﬂ 7pJ_7pJ_)7

ERUt q JRUK 1 WIJ henergy fer¥sdi conseridtion foldHistmatter leads to:
Anisotropic TOV equations:

Same as isotropic except:

Pl = ~(p+P)# — (P, ~ P)



Anisotropic Stars

Stress-energy tensor of an anisotropic fluids

C,XB — dlag(_uapﬂ 7pJ_7pJ_)7

ERUt q JRUK 1 WIJ henergy fer¥sdi conseridtion foldHistmatter leads to:
Anisotropic TOV equations:

Same as isotropic except:

2P - P)

P;:_(P‘FPT)Cb’_?

Solution issingular unless anisotropy vanishes at the centre!



Anisotropic Stars

The anisotropic mechanism must make the pressure isotropic at the center.

10



Anisotropic Stars

The anisotropic mechanism must make the pressure isotropic at the center.
7Y5 101+ WAWx REUNWHICH b IHE § E @IIT We U Wmbe 1
P.— P, =Cg. (p+ P.)(p+3P)r?

Other works have postulated similaleoS However, all have some problems!

10



Anisotropic Stars

The anisotropic mechanism must make the pressure isotropic at the center.
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Other works have postulated similaleoS However, all have some problems!

Problem 1) Formulated for static and spherically symmetric distribution of matter
only. Generalization not trivial.
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Other works have postulated similaleoS However, all have some problems!

Problem 1) Formulated for static and spherically symmetric distribution of matter
only. Generalization not trivial.

Problem 2) NewkoSis postulated and unrelated to any physical mechanism
responsible for anisotropies.
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Anisotropic Stars

The anisotropic mechanism must make the pressure isotropic at the center.

7Y5 101+ WAWx REUNWHICH b IHE § E @IIT We U Wmbe 1
P, — P, =Cgr (p+ P.) (p+3P,) 17

Other works have postulated similaleoS However, all have some problems!

Problem 1) Formulated for static and spherically symmetric distribution of matter
only. Generalization not trivial.

Problem 2) NewkoSis postulated and unrelated to any physical mechanism
responsible for anisotropies.

Problem 3) Violates the principle of equivalence in its weak form.
10



Anisotropic Stars

The anisotropic mechanism must make the pressure isotropic at the center.

7Y5 101+ WAWx REUNWHICH b IHE § E @IIT We U Wmbe 1
P, — P, =Cgr (p+ P.) (p+3P,) 17

Other works have postulated similaleoS However, all have some problems!

Problem 1) Formulated for static and spherically symmetric distribution of matter
only. Generalization not trivial.

Problem 2) NewkoSis postulated and unrelated to any physical mechanism
responsible for anisotropies.

Problem-3)-Violates-the principle-of-equivalence-inits-weak-form(Raposo+,2018]
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Main highlights:

1. Extremely compact configurations! More
compact and massive than isotropic fluid
stars! Always approach Schwarzschild

compactness.

2. Can exist in a wide range of mass!
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Anisotropic Stars

1.0} =—smmmmrr=swemrzmr o mnnana
I\/Ial n highlights:
. Extremely compact configurations! More 7 06 o menss

compact and massive than isotropic fluid S04 o1 Mmooss
stars! Always approach Schwarzschild 02 CTI0L R0

C=10* M/R=0.49
compactness. ‘ |
Can exist in a wide range of mass!
The properties depend mildly on the
anisotropy scale, but strongly on the
compactness!

w N

4. In the BH limit, the energy density and :
pressure tend to flat values within the star o ;'"'-."
while the tangential pressure peaks close ol pan
to the radius. | .,

s
Ay

5. Dominant energy condition can break T
close to the radius t/R



Anisotropic Stars

Covariant Formalism allows to do NR 1+1 evolutions.

Studies of nonlinear stability of the star.
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Anisotropic Stars

Problem 1) Formulated for static and spherically symmetric distribution of matter
only. Generalization not trivial.

Problem 2) NewkoSis postulated and unrelated to any physical mechanism
responsible for anisotropies.

Problem 3) Violates the principle of equivalence in its weak form.

Our EoSdoes not seem to be the way to solve 1 and PloweverB
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Same idea: Start from d.agrangianformalism!
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Relativistic Elasticity

A classicalrigid body:

Object for which thedistances between points
are constant atany given instance in time
remains constant.
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Relativistic Elasticity

A classicalrigid body:

Object for which thedistances between points
are constant atany given instance in time
remains constant.

Therefore: There ar@o rigid bodies in relativity!

Physically it takes some time for one end of a finitesize body toreceive
Information about forces acting on the other end.

15



Relativistic Elasticity

Ehrenfest’s paradox:

N
.tn[tl[q
t'llllfnm

No undeformable bodies in relativity!

16



Relativistic Elasticity

A bit of theory: (Mostly people in Mathematical Relativity community)
[Carter &Quintana, 1972 ;Beig& Schmid, 2003;Karlovini& Samuelsson, 2003]

17



Relativistic Elasticity

A bit of theory: (Mostly people in Mathematical Relativity community)
[Carter &Quintana, 1972 ;Beig& Schmid, 2003;Karlovini& Samuelsson, 2003]

3 key ingredients: %

1. Physical spacetime (M, g) M
A Where your deformed object lives. A -

2. Reference spacetime (3, 7) o
A 3-Riemannian manifold-/e2 UT I3 Y G JT WAHY TIHDI'O _

3. Projectonmap: II: M — B P S

A The level sets of the projection map are the worldlines of the medium particles.

17



Relativistic Elasticity

The projection map:
We can make it more concrete by assigning some local coordinates.

II: X'(z")

Another way of thinking: The mapping defines a set of 3 scalar fields that
depend on the spacetime coordinates.

18



Relativistic Elasticity

The projection map:
We can make it more concrete by assigning some local coordinates.

II: X'(z")

Another way of thinking: The mapping defines a set of 3 scalar fields that
depend on the spacetime coordinates.

Once coordinates are assigned, we can construct the projection of the
spacetime metric on the 3Riemannian manifold.

HIJ
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Relativistic Elasticity

The projection map:

We can make it more concrete by assigning some local coordinates.

II: X'(z")

Another way of thinking: The mapping defines a set of 3 scalar fields that
depend on the spacetime coordinates.

Once coordinates are assigned, we can construct the projection of the
spacetime metric on the 3Riemannian manifold.

HIJ

1
This gives you a definition aftrain! E’U — E (HU _ 7”)
18



Relativistic Elasticity

The reference state:

x Jaqkt Wag6RUt WEHYe2 q=? In a 2 +IMinkowskyspacetime

N ¥, .

s’

Deformed object

Preferredundeformed state

The objected has stretches and deforms due to its natural preferred state.

19



Relativistic Elasticity

Our set of equations (from GR):s

We choose alLagrangiandensity of the type.

L =cxt, 7Y
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oL
TNV — ZW — Lglﬂ/
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Our set of equations (from GR):s

We choose alLagrangiandensity of the type.
L =cxt, 7Y

We can compute the stressenergy tensor:

oL oL
Tlﬂ/ — 2@ — ﬁguy = 2
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Relativistic Elasticity

Our set of equations (from GR):s

We choose alLagrangiandensity of the type.

L =cxt, 7Y

We can compute the stressenergy tensor:

oL oL

v = 2 g~ Lo =21

It is straightforward to see that theLagrangianis the energy density.

L=T5=p
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Relativistic Elasticity

Our set of equations (from GR):s

We choose alLagrangiandensity of the type.

L =cxt, 7Y

We can compute the stressenergy tensor:

oL oL 7 7
Tlﬂ/ = 2@ — ﬁguy = 2 SH I 3,LX 3,,X — [:gl“/
It is straightforward to see that theLagrangianis the energy density.
L=T5=p
The choice of p = p(X*, H'/) corresponds to the choicelaistin law!

20



Relativistic Elasticity

Once we have thd_agrangianwe can obtain thestress -energy tensor.

1 = puyuy, + 0,
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Once we have thd_agrangianwe can obtain thestress -energy tensor.

op
ogHv

T = puyu, + o,y Oy = 2 — phyuw

Cauchy stress tensor (orthogonal to the worldlines)
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Cauchy stress tensor (orthogonal to the worldlines)

Important to note: Elastic laws can be very general.
_ I J
P = p(X 7HI)

We can make additional simplifications.

1. Homogeneous materials: ThelLagrangian(EoS does not depend on the positions.
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Relativistic Elasticity

Once we have thd_agrangianwe can obtain thestress -energy tensor.

op
ogHv

Cauchy stress tensor (orthogonal to the worldlines)

T = puyu, + o,y Oy = 2 — phyuw

Important to note: Elastic laws can be very general.
I J
P = p(X 7HI)
We can make additional simplifications.
1. Homogeneous materials: ThelLagrangian(EoS does not depend on the positions.

2. Isotropic materials: TheLagrangian(EoS depends only on the deformatior?—[§ through its eigenvalues,
specifically the principal invariants.
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Relativistic Elasticity

Physical meaning:

Eigenvalues of’;'—[ﬂ tell you how much the principal directions of your material stretch when they are deformed.

l L

| > h~ L/l

22



Relativistic Elasticity

Physical meaning:
Eigenvalues of’;'—[ﬂ tell you how much the principal directions of your material stretch when they are deformed.

Equivalently: Linear densities along the principal directions.

3
Under these assumptions we get: Ouy = E pie(i)ﬂe(@)p
1=1
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Relativistic Elasticity

Physical meaning:
Eigenvalues of’;'—[ﬂ tell you how much the principal directions of your material stretch when they are deformed.

Equivalently: Linear densities along the principal directions.

3
Under these assumptions we get: Ouy = E pée(@)ﬂe(@)p
1=1

The stressenergy tensor isdiagonal, and we can identify thepressures as:

dp
i = Nig— — P
p on. P
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Relativistic Elasticity

Physical meaning:
Eigenvalues of’;'—[ﬂ tell you how much the principal directions of your material stretch when they are deformed.

Equivalently: Linear densities along the principal directions.

3
Under these assumptions we get: Ouy = E pée(@)ﬂe(@)p
1=1

The stressenergy tensor isdiagonal, and we can identify thepressures as:

0 O0p Recall the fluid case!
(9n2- n

The relativistic elasticity theory tells you how to compute the pressures from the EOS.

No need for additional ad -hoc EoS.
22



Relativistic Elasticity

The formalism algo gives you expression for the speeds of sound!

Two types of waves:

Z A Longitudinal waves
Op; 2820
14 Ny 53
“ptp ptp
A Transverse waves:
y g 2
n= C—m.
P+ D n;y —mn;
2 _
T Crij =

1

Lo [(p.  Op.
2l bi _ 2P ,ifn; =n;.

For anisotropic stars there waso formalism to compute these sound speeds! Affects causality studies!

23



( « OX «Z° (KJ " ° N (2

Turns out that the stressenergy tensor is exactly the same as the anisotropic fluid.

Same system ofanisotropic TOV equations .

3
) 9 ,:m—|—47rrPr y_ ,_z B
m = 4nrp ¢ (= 2m) P/ = —(p+ P,)¢ - (P, — P,)
Same as perfectfluid Modified pressure equation
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Turns out that the stressenergy tensor is exactly the same as the anisotropic fluid.

Same system ofanisotropic TOV equations .

3
, 9 ,  m+4nr’P, pr P 2 p
— - = — — — — P
m 47trep ¢ r(r — 2m) r (p+ Pr)¢ , (P )
Same as perfectfluid Modified pressure equation
Introduce our EoS: p = p(5, 77) More convenient combination of

Gl RUARGe G WG RUWeE! Wi WUt RgR
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Turns out that the stressenergy tensor is exactly the same as the anisotropic fluid.

Same system ofanisotropic TOV equations .

3
) 9 ,:m—|—47rrPr y_ ,_z B
m = 4nrp ¢ (= 2m) P/ = —(p+ P,)¢ - (P, — P,)
Same as perfectfluid Modified pressure equation

Introduce our EoS.  p = p(4,7n)
§=mnin; s e0AWI W WOt Ra! WYNWGE! qRET W

pr)=nd_ 3 [ d@uidu no201 enBWOe & AV W0+ Ra! WY W
273 0 (1_2m(u)/u)1/2 Gel qRHEI It
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Turns out that the stressenergy tensor is exactly the same as the anisotropic fluid.

Same system ofanisotropic TOV equations .

3
/ 9 ,  m+4nr’P, , .2
= = P = — P, — — (P, — P
m 47trep ¢ r(r — 2m) r (p+ Pr)¢ , (P )
Same as perfectfluid Modified pressure equation
Introduce our EoS: p = p(4,7) Introduce the pressures:

§=niny n 2GAN W WOt Ra! WYNWGE! qRAGIPH= §050 — p

3 3 [ o (u)udu m 201 enNPWUz a A WipipF B n LI
T) = Na — — . P —PR — B
n(r) = n; o (1—2m(u)/u)/? GE1 qQRETWL b ' r 2% P
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Turns out that the stressenergy tensor is exactly the same as the anisotropic fluid.

Same system ofanisotropic TOV equations .

3
/ 9 ,  m+4nr’P, , .2
= = P = — P, — — (P, — P
m 47trep ¢ r(r — 2m) r (p+ Pr)¢ , (P )
Same as perfectfluid Modified pressure equation
Introduce our EoS: p = p(4,7) Introduce the pressures:

§=niny n 2GAN W WOt Ra! WYNWGE! qRAGIPH= §050 — p

3 3 [ o (u)udu m 201 enNPWUz a A WipipF B n LI
T) = Na — — . P —PR — B
n(r) = n; o (1—2m(u)/u)/? GE1 qQRETWL b ' r 2% P

Everything depends 0 d ! The system is now closed! 24



Quadratic EoS

With the formalism set, the question reduces to prescribe aricoSfor elastic matter.

Start with the simplest case: Apolytropic with a quadratic elastic correction!
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Ot ql T ¢! kKt poiyttdpetEdU a W[ G2 RT LW
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Quadratic EoS

With the formalism set, the question reduces to prescribe aricoSfor elastic matter.
Start with the simplest case: Apolytropic with a quadratic elastic correction!
Ot ql T ¢! kKt poiyttdpetEdU a W[ G2 RT LW
p=o0+ nlcglJrl/n

Our elastic EOS: Fluigolytrope EoS+ quadratic elastic correction

p = Q_I_nlcgl—l—l/n_l_glcn(g_g)Z
~ ~ T
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Quadratic EoS

With the formalism set, the question reduces to prescribe aricoSfor elastic matter.

Start with the simplest case: Apolytropic with a quadratic elastic correction!

Ot ql T ¢! kKt poiyttdpetEdU a W[ G2 RT LW

p=o+ n,cgl—i—l/n

Our elastic EOS: Fluigolytrope EoS+ quadratic elastic correction

0=o0+ n,cgl—l—l/n 4 SICn(C o 9)2
~ O ~ 1
Note:
These new variables make the systenmvariant with respect to thereference state.
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Quadratic EoS- Results

In spherical symmetry there are onlyp independent sound speeds !

Hagecdd! AWs JWOUWJI WagYW GUHRN! WagdédWnyY! WY

E=0 E=10" E=1/2
2.5‘_ ; ' ' ' 1 2.5F ' ' 1 2.5F ' ' ' ' ;
X { 2.0t 1 2.0t é
CL CTT ]
c\1_’31.5' cr 1 1.5¢ 1 1.5¢ ;
O L OE TOE o 10
ofest——Jos|
ey (0.0 p——— 1 0.0k : : : :
1 0.8¢ ' 0.8'—_\—//?
1 0.6} 1 0.6¢
1 0.4} 1 0.4¢
1 0.2} 1 0.2t
0.0 : : : ' 0.0 : : : :
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Affine constant sound speed EoS

From last lecture:

Constant sound speed EOS (affine): p =
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Affine constant sound speed EoS

From last lecture:

—1 K
1 PO+
g v—1

Using the expressions for the velocity we can find an expression for the density that
gives constant sound speeds.

Q’Y

Constant sound speed EOS (affine): p =
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Affine constant sound speed EoS

From last lecture:

—1 K
1 PO+
g v—1

Using the expressions for the velocity we can find an expression for the density that
gives constant sound speeds.

Q’Y

Constant sound speed EOS (affine): p =

e _ U . Ap. Pp. . -
However:1 JWI YUk qWoc2IJWnl 1IJIJI Yu Wq \ﬁzoil IJrcﬁO?!fC a a Lt
constant. We set constant longitudinal wave speed! Cii = P p"”_ o7 pﬂ‘,
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Affine constant sound speed EoS

From last lecture:

—1 K
i pPo T

Q’Y
g v—1

Constant sound speed EOS (affine): p =

Using the expressions for the velocity we can find an expression for the density that

gives constant sound speeds.

9

o e o e OD;
However:i IJWI YUKk qWé ¢ 213Wnl 1JIJI YO Wag Yboil IJrcﬁO?;L.
constant. We set constant longitudinal wave speed! (s = - = ”‘

c G0 LWt

p + pi P+ Di

Our elastic affine constant sound speedeoS
wp.m) v 1-2-—yr _ 1/1-2v 1 y
L _7—1+(7(7—1)(1—V) 9)(5 1)+3(7(1_V)+9n>(?7 1)

() rern) ()

(339)
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Affine constant sound speed EoS

Realistic physical conditions on the matter restrict the parameter space.

Imaginary sound speeds (transverse waves) in
undeformed state

Imaginary sound speeds

(transverse waves), DEC 05 | Regilon 11
I~ Regionl
= y=—1 Imaginary sound speeds
0.0} £ -
e R PR (transverse waves), negative
~ | 0 BREY densiti
[ O ensities and pressures for
-0.5 m y=1/2 large densities.
[ 6=0
—1.0¢t i
- Region III

00 02 04 06 08 10

Breaks elastic conditions in the undeformed state 0
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Affine constant sound speed EoS

0.2 0.2

0.0 0.0

~ =02 ~ —-0.2

-0.4 -0.4

-0.6 -0.6

-0.8 -0.8

00 02 o 0.6 . . 0.0 2 . 0.6
0

CPA < ().443 CPAS < ().384

max ~v max m~v
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Maximum Compactness of Stars

With constant sound speed EoSwe can look for bounds on

viable stars!

Black Hole: C' = 0.5

BuchdahlBound: C' = 4/9

Causal BuchdahlBound: (0 = ().364

Causal Buchdahl bound + Radial Stability:
C = 0.354

Mass M

0.14
0.12
0.10
0.08F
0.06F
ook

0.02 )

. g
. &
| | | I 11 1 I L1 1 1 | 11 1 I

0.00  0.05
Radius R
[Urbano & Vermaeg 1810.07137]

0.10 0.15 0.20 0.25 0.30

102

102
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Maximum Compactness of Stars

With constant sound speed EoSwe can look for bounds orviable stars!

Black Hole: C' = (.5
BuchdahlBound: C' = 4/9 Superluminal wave propagation

Causal Buchdahl Bound (fluid): C' = (0.364 Causal &
Physically

- : .. : Admissibl
Maximum Compactness for Physically Admissible stars (elastic): CEQX < 0.443 missible

Causal (stable)Buchdahl bound (fluid): —
( ) (fluid): ¢ = 0.354 Causal & Physically Admissible

. _ PAS & Radially Stable
Bound (stable) for Phys. Admissible stars (elastic): C < 0.384

max m~v
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Last lectures in a nutshell

Part 3

Compact objects in our Universe: Black Holes, Neutron Stars
and White Dwarfs.

Fluid models for compact objects: TOV equations.

Equation of state:
A Constant density;

A Polytropes;

A Constant sound speed:;

Buchdahl limit and Causal Buchdahl limit;
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Last lectures in a nutshell

Part [l

Compact objects and Exotic Compact Objects;

Why we care about Exotic Compact Objects;

How to construct different models of ECOs:
m | gRNRHRCE U wlldgfavadtars dlder s Y1 G 6 YO 1IJt A LW

Anisotropic stars & Elastic Stars
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