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2

✦ There is overwhelming observational evidence that black holes (BHs) exist.
[M. Begelman, Science 300 (2003)]

✦ The vast majority of celestial objects are rotating.  Black holes are no exception.

ESOESO / J. Pérez

✦ BHs are theoretically predicted as the endpoint of gravitational collapse of 
sufficiently massive stars.
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3

✦ Good understanding of rotating but stationary BHs.

✦ Poor control over highly dynamical scenarios.	


In particular, little is known about gravitational collapse with rotation.

non-spherical gravitational collapse

1. realistic collapses should include rotation;

2. known ‘violations’ of the cosmic censorship conjecture (CCC) occur in     
non-rotating — thus non-generic — settings;

3. rotation introduces instabilities (e.g. superradiance).

Why should we care?
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✦ Advantage of non-rotating setups is their large amount of symmetry.	

Spherical symmetry reduces problem to 1+1 dims.

✦ The price to pay for the convenience provided by cohomogeneity-1 spacetimes is 
the restriction to higher (odd) dimensions,  D=2N+3   with  N=1, 2, 3, …

perturbative approach	

gravitational perturbations

exact approach	

Darmois-Israel junction conditions

[Delsate, JVR, Santarelli (2014)][JVR, Santarelli, Delsate (2014)]

✦     a larger class of (rotating) BH spacetimes that are stationary and whose 
metric depends on a single radial coordinate: 

E

cohomogeneity-1 solutions
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Background: Cohomogeneity-1 black holes

✦ Myers-Perry(-AdS) BHs in D=2N+3 dims possess isometry group                   .

Rotating thin shells in arbitrary higher odd dimensions 3

The event horizon occurs at the largest real root of g�2 (if it exists), and its spatial sections have the
geometry of a homogeneously squashed (2N + 1)-sphere. The mass M± and angular momentum J± of the
spacetime are given by [2]

M± =
A2N+1

4⇡

✓
N +

1

2
+

a

2
±

2`2

◆
M± , J± =

A2N+1

4⇡
(N + 1)M±a± . (2.5)

where A2N+1 is the area of a unit S2N+1.

2.2 Junction conditions

Now we will match two spacetimes with line elements of the form (2.1) across a timelike hypersurface ⌃
defined parametrically by the equations t = T (⌧) and r = R(⌧), where ⌧ is for the proper time for an
observer comoving with the hypersurface. It will prove convenient to work in a corotating frame, which is
achieved by changing coordinates according to

d �! d + ⌦±(R)dt . (2.6)

The metrics then become

ds

2
± = �f±(r)

2
dt

2 + g±(r)
2
dr

2 + h±(r)
2 [d +Aadx

a � (⌦±(R)� ⌦±(r))dt]
2 + r

2bgabdxadxb . (2.7)

For any given tensorial quantity Cij..., we define its jump across the hypersurface ⌃ by

[[Cij...]] ⌘ C

(+)
ij... � C

(�)
ij... . (2.8)

The standard Darmois-Israel junction conditions [5, 6],

[[gij ]] = 0 ) g(+)
ij = g(�)

ij ⌘ gij , (2.9)

[[kij ]]� gij [[k]] = �8⇡GSij , (2.10)

follow from the requirement that the metric of the total spacetime is continuous across the thin shell and
determines the form of the surface stress-energy tensor Sij that sources possible curvature singularities along
⌃. Here, gij represents the induced metric on the hypersurface ⌃, while kij denotes the extrinsic curvature
and k = gijkij is its trace.

R⇥ U(1)N+1 (2.11)

R⇥ U(1)N+1 �! R⇥ U(N + 1) (2.12)

Induced metric and first junction condition

The induced metric on the hypersurface ⌃ is given by

g(±)
ij dy

i
dy

j = �d⌧

2 + h±(R)2[d +Aadx
a]2 +R2bgabdxadxb . (2.13)

The coordinates yi run over {⌧, , xa}. The form above, fixing g⌧⌧ = �1, imposes

f(R)2Ṫ 2 � g(R)2Ṙ2 = 1 , (2.14)
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S
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M =
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4⇡G

M

✓
N +

1

2

+

a

2

2`

2

◆
, (4)

J =

⌦2N+1

4⇡G

(N + 1)Ma , (5)

where ⌦2N+1 is the area of the unit (2N + 1)�sphere.

A system of coordinates can be found such that the metric only depends on a single radial coordinate,

ds

2
= gµ⌫dx

µ
dx

⌫
= �f(r)

2
dt

2
+ g(r)

2
dr

2
+ r

2bgabdxa
dx

b
+ h(r)

2
[d +Aadx

a � ⌦(r)dt]

2
, (6)

where

g(r)

2
=

✓
1 +

r

2

`

2
� 2M⌅

r

2N
+

2Ma

2

r

2N+2

◆�1

, f(r) =

r

g(r)h(r)

, (7)

h(r)

2
= r

2

✓
1 +

2Ma

2

r

2N+2

◆
, ⌦(r) =

2Ma

r

2N
h(r)

2
, ⌅ = 1� a

2

`

2
. (8)
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✦ When all spin parameters are set equal,             , this symmetry is enhanced:

and coordinates can be found that reflect this large amount of symmetry,	

such that the metric depends on just one (radial) coordinate.
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We investigate the consequences of throwing point particles into odd-dimensional Myers-Perry

black holes in asymptotically anti-de Sitter (AdS) backgrounds. We restrict our attention to the case

in which the angular momenta of the background geometry are all equal. This process allows us to

test the generalization of the weak cosmic censorship conjecture to asymptotically AdS spacetimes in

higher dimensions. We find no evidence for overspinning in D = 5, 7, 9 and 11 dimensions. Instead,

test particles carrying the maximum possible angular momentum that still fall into an extremal

rotating black hole generate a flow along the curve of extremal solutions.

PACS numbers: 04.20.Dw, 04.70.Bw, 04.50.Gh

I. INTRODUCTION

ds

2
= gµ⌫dx

µ
dx

⌫
= �f(r)

2
dt

2
+ g(r)

2
dr

2
+ r

2bgabdxa
dx

b
+ h(r)

2
[d +Aadx

a � ⌦(r)dt]

2
, (1)

⇤
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†
Electronic address: santarelli@ifsc.usp.br

✦ The metric for these cohomogeneity-1 BHs is
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Universidade de Lisboa, Av. Rovisco Pais 1, 1049 Lisboa, Portugal and

2
Instituto de F́ısica de São Carlos, Universidade de São Paulo,

Caixa Postal 369, CEP 13560-970, São Carlos, SP, Brazil

(Dated: June 25, 2014)

We investigate the consequences of throwing point particles into odd-dimensional Myers-Perry

black holes in asymptotically anti-de Sitter (AdS) backgrounds. We restrict our attention to the case

in which the angular momenta of the background geometry are all equal. This process allows us to

test the generalization of the weak cosmic censorship conjecture to asymptotically AdS spacetimes in

higher dimensions. We find no evidence for overspinning in D = 5, 7, 9 and 11 dimensions. Instead,

test particles carrying the maximum possible angular momentum that still fall into an extremal

rotating black hole generate a flow along the curve of extremal solutions.

PACS numbers: 04.20.Dw, 04.70.Bw, 04.50.Gh

I. INTRODUCTION

ds

2
= gµ⌫dx

µ
dx

⌫
= �f(r)

2
dt

2
+ g(r)

2
dr

2
+ r

2bgabdxa
dx

b
+ h(r)

2
[d +Aadx

a � ⌦(r)dt]

2
, (1)

⇤
Electronic address: jorge.v.rocha@tecnico.ulisboa.pt

†
Electronic address: santarelli@ifsc.usp.br

✦ The metric for these cohomogeneity-1 BHs is



6

Formulas for slides

Jorge V. Rocha,

1 ⇤
1

CENTRA, Dept. de F́ısica, Instituto Superior Técnico,
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All traces of the rotation show up in the          plane.
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2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]

M =
⇡M

4

✓
3 +

a2

`2

◆
, J = ⇡Ma . (6)

Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M,a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as

g(+)
ij

= g(�)
ij

⌘ g
ij

, (7)

(k(+)
ij

� k
(�)
ij

)� g
ij

(k(+) � k(�)) = �8⇡GS
ij

, (8)

where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates

d �! d 0 + ⌦
↵

(R(t))dt . (9)

The exterior and interior metrics then become

ds2
↵

= �f
↵

(r)2dt2 + g
↵

(r)2dr2 + r2bg
ab

dxadxb (10)

+ h
↵

(r)2 [d 0 +A
a

dxa + (⌦
↵

(R(t))� ⌦
↵

(r))dt]
2
.

From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g

⌧j

= ��
⌧j

.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also

provides a relation between
�
dT
d⌧

�2
and

�
dR
d⌧

�2
:
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2
� , (11)
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The extrinsic curvature is obtained from k
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µ�
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�

)r�n
⌫

, where n
µ

= f(r)g(r)
�
�dR

d⌧

, dT
d⌧

, 0, 0, 0
�
, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k

ij

= k
µ⌫

dx

µ

dy

i
dx

⌫

dy

j .

The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
ij

= (⇢+P )u
i

u
j

+P g
ij

+ 2'u(i⇠j) +�P R2bg
ij

, (13)

where u = @
⌧

is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0

8⇡R3
, ' = � (J+ � J�)(Rh)0

4⇡2R4h
,(14)

P =
h

8⇡R3

⇥
R2(�+ � ��)

⇤0
, �P =

(�+ � ��)

8⇡


h

R

�0
,

where we have introduced the quantities

�
↵

⌘ f
↵

(R)

s

1 + g
↵

(R)2
✓
dR
d⌧

◆2

, (15)

and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]

M =
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
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the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as
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where S
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stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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is the (normalized) fluid four-velocity,
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with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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asymptotically flat case can be recovered by taking the
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the spacetime are given by [12]

M =
⇡M

4

✓
3 +

a2

`2

◆
, J = ⇡Ma . (6)

Matching spacetimes. — We take two spacetimes
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exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M,a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.
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surface along which the shell lies. This 4D surface can
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dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

✦ Use junction conditions along a timelike hypersurface,                                  :

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
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The largest real root of g�2 marks an event hori-
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the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
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bination Ma2 is invariant across the shell [16] and also

provides a relation between
�

dT
d⌧

�2
and

�
dR
d⌧

�2
:

M+a2
+ = M�a2

� , (11)

� f
↵

(R)2

✓
dT
d⌧

◆2

+ g
↵

(R)2

✓
dR
d⌧

◆2

= �1 . (12)

The extrinsic curvature is obtained from k
µ⌫

= (g
µ�

�
n

µ

n
�

)r�n
⌫

, where n
µ

= f(r)g(r)
�
�dR

d⌧

, dT
d⌧

, 0, 0, 0
�
, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k

ij

= k
µ⌫

dx

µ

dy

i
dx

⌫

dy

j .

The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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is the (normalized) fluid four-velocity,
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dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
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Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].
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if and only if
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
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.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @
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approach developed in Ref. [20], in the sense that the
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[Mann-Oh-Park (2009)]
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asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]

M =
⇡M

4

✓
3 +

a2

`2

◆
, J = ⇡Ma . (6)

Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
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the associated ex-
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where S
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stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

✦ The 2nd junction condition requires the shell stress-energy tensor to 
take the form of an imperfect fluid:

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]

M =
⇡M

4

✓
3 +

a2

`2

◆
, J = ⇡Ma . (6)

Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as

g(+)
ij

= g(�)
ij

⌘ g
ij

, (7)

(k(+)
ij

� k
(�)
ij

) � g
ij

(k(+) � k(�)) = �8⇡GS
ij

, (8)

where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates

d �! d 0 + ⌦
↵

(R(t))dt . (9)

The exterior and interior metrics then become

ds2
↵

= �f
↵

(r)2dt2 + g
↵

(r)2dr2 + r2bg
ab

dxadxb (10)

+ h
↵

(r)2 [d 0 + A
a

dxa + (⌦
↵

(R(t)) � ⌦
↵

(r))dt]
2

.

From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g

⌧j

= ��
⌧j

.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also

provides a relation between
�

dT
d⌧

�2
and

�
dR
d⌧

�2
:

M+a2
+ = M�a2

� , (11)

� f
↵

(R)2

✓
dT
d⌧

◆2

+ g
↵

(R)2

✓
dR
d⌧

◆2

= �1 . (12)

The extrinsic curvature is obtained from k
µ⌫

= (g
µ�

�
n

µ

n
�

)r�n
⌫

, where n
µ

= f(r)g(r)
�
�dR

d⌧

, dT
d⌧

, 0, 0, 0
�
, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k

ij

= k
µ⌫

dx

µ

dy

i
dx

⌫

dy

j .

The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
ij

= (⇢+ P )u
i

u
j

+ P g
ij

+ 2'u(i

⇠
j) +�P R2bg

ij

, (13)

where u = @
⌧

is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
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Observe that when �P = ' = 0 we retrieve the stress-
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M,a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
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energy tensor of a perfect fluid [18].
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if and only if
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
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is already being used, so that h+(R) = h�(R) ⌘ h(R)
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vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
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.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
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fect fluids, such as (13), have been studied in [22] and are
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This formalism has been applied to rotating spacetimes in (2+1) dims. [Crisóstomo-Olea (2004)]	

[Mann-Oh-Park (2009)]

✦ For D>3, we get one additional constraint from the 1st junction condition:
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
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in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as
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where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates
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From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g
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.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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is the (normalized) fluid four-velocity,
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dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
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the induced metric on ⌃ as determined from the
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where S
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stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates
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↵

(R(t))dt . (9)

The exterior and interior metrics then become
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From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g
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.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also
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, where n
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= f(r)g(r)
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the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k
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= k
µ⌫

dx

µ
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i
dx

⌫

dy
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
ij

= (⇢+ P )u
i

u
j

+ P g
ij

+ 2'u(i

⇠
j) +�P R2bg

ij

, (13)

where u = @
⌧

is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0

8⇡R3
, ' = � (J+ � J�)(Rh)0
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

✦ The 2nd junction condition requires the shell stress-energy tensor to 
take the form of an imperfect fluid:

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
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trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as
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, (7)
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, (8)

where S
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stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates
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(R(t))dt . (9)

The exterior and interior metrics then become
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= �f
↵

(r)2dt2 + g
↵

(r)2dr2 + r2bg
ab

dxadxb (10)
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From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g
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.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also
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, where n
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the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k
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µ⌫
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i
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⌫
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
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= (⇢+ P )u
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u
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+ P g
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+ 2'u(i

⇠
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, (13)

where u = @
⌧

is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

energy density pressure intrinsic momentum / heat flow pressure anisotropy

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M,a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
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the induced metric on ⌃ as determined from the
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where S
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to convert to a frame that is comoving with the shell to
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extrinsic curvature is written as k
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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is the (normalized) fluid four-velocity,
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and bg
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dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0

8⇡R3
, ' = � (J+ � J�)(Rh)0

4⇡2R4h
,(14)

P =
h

8⇡R3

⇥
R2(�+ � ��)

⇤0
, �P =

(�+ � ��)

8⇡


h

R

�0
,

where we have introduced the quantities

�
↵

⌘ f
↵

(R)

s

1 + g
↵

(R)2
✓
dR
d⌧

◆2

, (15)

and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

✦ Use junction conditions along a timelike hypersurface,                                  :
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
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with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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dyidyj = bg
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dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

where                     
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Second junction condition and stress-energy tensor
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✦ The stress-energy tensor components are dictated by the metric components:
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Observe that when �P = ' = 0 we retrieve the stress-
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
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�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @
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The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as
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, (7)
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, (8)

where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates

d �! d 0 + ⌦
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(R(t))dt . (9)

The exterior and interior metrics then become

ds2
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(r)2dt2 + g
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(r)2dr2 + r2bg
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(R(t)) � ⌦
↵
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.

From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g

⌧j

= ��
⌧j

.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also

provides a relation between
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The extrinsic curvature is obtained from k
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, where n
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= f(r)g(r)
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, 0, 0, 0
�
, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k

ij

= k
µ⌫

dx

µ

dy

i
dx

⌫

dy

j .

The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
ij

= (⇢+ P )u
i

u
j

+ P g
ij

+ 2'u(i

⇠
j) +�P R2bg

ij

, (13)

where u = @
⌧

is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0

8⇡R3
, ' = � (J+ � J�)(Rh)0

4⇡2R4h
,(14)
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where we have introduced the quantities
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

where                     

✦ For simplicity, assume a linear equation of state,              
(Other EoS can be considered, e.g., polytropic)

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
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� '2 ,
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P � ⇢
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+
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� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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where bgab is the inverse of bgab, i.e., bgabbgbc = �

a
c .

The first junction condition (2.9) immediately gives

h+(R) = h�(R) ⌘ h(R) ) M+a
2
+ = M�a

2
� . (2.14)

This implies that a such a rotating cohomogeneity-1 exterior (with M+a+ 6= 0) cannot be smoothly joined
with a flat interior (M� = 0).

Extrinsic curvature

A basis of vectors tangent to ⌃ is provided by {e⌧ , e , ea}, where

e

µ
⌧ = (Ṫ , Ṙ, 0,

2Nz }| {
0, . . . , 0) , e

µ
 = (0, 0, 1,

2Nz }| {
0, . . . , 0) , (2.15)

and ea, with a = 1, . . . , 2N , are vectors generating CP

N .
The unit normal to ⌃ is then given by

nµ = fg(�Ṙ, Ṫ , 0,

2Nz }| {
0, . . . , 0) . (2.16)

The metric and normal vector are everything we need to compute the exterior curvature. We obtain
straightforwardly

k

(±)
⌧⌧ = � h

R�

0
± , k

(±)
⌧ = �

h

3⌦0
±

2R , k

(±)
⌧a = k

(±)
⌧ Aa , (2.17)

k

(±)
  =

h

2
h

0
�±

R , k

(±)
 a = k

(±)
  Aa , k

(±)
ab = k

(±)
  AaAb + bgabh�± , (2.18)

where a prime stands for d/dR and

�± ⌘ f±

q
1 + g

2
±Ṙ2

. (2.19)

Using Eq. (2.13) we obtain the trace of the extrinsic curvature,

k

(±) =
1

RD�2
[RD�3

h�±]0 . (2.20)

Note that, none of the extrinsic curvature components depend explicitly on the number of the spacetime
dimensions, apart from the dependence introduced through the definition of the metric functions g, f, h.
However, the trace does depend explicitly on D.

Second junction condition and stress-energy tensor

The second junction condition (2.10) dictates the form of the stress-energy tensor to be that of an imperfect
fluid,

Sij = (⇢ + P )uiuj + Pgij + 2'u(i⇠j) + �P R2bgij , (2.21)

where

bgij ⌘ bgab
dx

a

dy

i

dx

b

dy

j
. (2.22)
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✦ The stress-energy tensor components are dictated by the metric components:

2

metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]

M =
⇡M

4

✓
3 +

a2

`2

◆
, J = ⇡Ma . (6)

Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote

by g(↵)
ij

the induced metric on ⌃ as determined from the

exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as

g(+)
ij

= g(�)
ij

⌘ g
ij

, (7)

(k(+)
ij

� k
(�)
ij

) � g
ij

(k(+) � k(�)) = �8⇡GS
ij

, (8)

where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates

d �! d 0 + ⌦
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(R(t))dt . (9)

The exterior and interior metrics then become

ds2
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(r))dt]
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.

From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g

⌧j
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⌧j

.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also

provides a relation between
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and
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The extrinsic curvature is obtained from k
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, where n
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, 0, 0, 0
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, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k
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= k
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dx
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The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):

S
ij

= (⇢+ P )u
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u
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+ P g
ij

+ 2'u(i

⇠
j) +�P R2bg
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, (13)

where u = @
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is the (normalized) fluid four-velocity,
⇠ = h(R)�1@

 

and bg
ij

dyidyj = bg
ab

dxadxb. Collapse
with fluids of this type was recently considered in [17].
Observe that when �P = ' = 0 we retrieve the stress-
energy tensor of a perfect fluid [18].

We find that the junction conditions (8) are satisfied
if and only if

⇢ = � (�+ � ��)(R2h)0
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and where primes stand for d/dR. The constraint (11)
is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0

+(R) = h0
�(R) ⌘ h0(R). Note that the momen-

tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
squashed S3. The mass M and angular momentum J of
the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.
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surface along which the shell lies. This 4D surface can
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exterior/interior solution, and by k
(↵)
ij

the associated ex-

trinsic curvature, with k(↵) being its trace. The Darmois-
Israel junction conditions can be expressed as

g(+)
ij

= g(�)
ij

⌘ g
ij

, (7)

(k(+)
ij

� k
(�)
ij

) � g
ij

(k(+) � k(�)) = �8⇡GS
ij

, (8)

where S
ij

stands for the surface stress-energy tensor.
Before computing the junction conditions it is useful [1]

to convert to a frame that is comoving with the shell to
eliminate cross terms in the induced metrics, by making
the following change of coordinates

d �! d 0 + ⌦
↵

(R(t))dt . (9)

The exterior and interior metrics then become

ds2
↵

= �f
↵

(r)2dt2 + g
↵

(r)2dr2 + r2bg
ab

dxadxb (10)

+ h
↵

(r)2 [d 0 + A
a

dxa + (⌦
↵

(R(t)) � ⌦
↵

(r))dt]
2

.

From now on we will drop the prime in  0 and assume
we are in the comoving frame, in which case g

⌧j

= ��
⌧j

.
The first junction condition (7) implies that the com-

bination Ma2 is invariant across the shell [16] and also

provides a relation between
�

dT
d⌧

�2
and

�
dR
d⌧

�2
:

M+a2
+ = M�a2

� , (11)

� f
↵

(R)2

✓
dT
d⌧

◆2

+ g
↵

(R)2

✓
dR
d⌧

◆2

= �1 . (12)

The extrinsic curvature is obtained from k
µ⌫

= (g
µ�

�
n

µ

n
�

)r�n
⌫

, where n
µ

= f(r)g(r)
�
�dR

d⌧

, dT
d⌧

, 0, 0, 0
�
, is

the unit normal vector to the hypersurface ⌃. In terms
of the coordinates yi along the hypersurface, the induced
extrinsic curvature is written as k

ij

= k
µ⌫

dx

µ

dy

i
dx

⌫

dy

j .

The second junction condition (8) requires the shell
stress-energy tensor to take the form of an imperfect fluid
with anisotropic pressure and intrinsic momentum (also
referred to as heat flow in some literature):
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and h0
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tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the
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metric (1) is a solution of the vacuum Einstein equations
with a cosmological constant, equal to ⇤ = �6`�2. The
asymptotically flat case can be recovered by taking the
limit `! 1.

The largest real root of g�2 marks an event hori-
zon which possesses the geometry of a homogeneously
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the spacetime are given by [12]
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Matching spacetimes. — We take two spacetimes
with line element given by Eq. (1) for the interior and
exterior spacetime. This metric describes a family of
black hole spacetimes, parametrised by the pair (M, a).
We further add an index ↵ to these parameters since
in general the inner and outer spacetimes have di↵erent
parameters. We take ↵ = + (↵ = �) for the exterior (in-
terior) geometry. Similarly, the metric functions in (2-4)
also acquire an index ↵, reflecting the choice of mass and
spin parameters.

Let ⌃ = {xµ : t = T (⌧), r = R(⌧)} be the hyper-
surface along which the shell lies. This 4D surface can
be parametrised by coordinates yi = {⌧, , ✓,�}. Denote
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the induced metric on ⌃ as determined from the
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is already being used, so that h+(R) = h�(R) ⌘ h(R)
and h0
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tum ' and the anisotropic pressure term �P necessarily
vanish in the limit of zero rotation. We stress that the
component ' controls the di↵erence between the angu-
lar momentum of the outer and inner spacetimes. These
results are also in line with Ref. [19], which considered
a spheroidal fluid shell separating two counter-rotating
Kerr regions in four spacetime dimensions and obtained a
stress-energy tensor of the form (13). In the present case,
setting the interior and exterior geometries to possess an-
gular momenta with opposite signs, but equal magnitude,
one similarly gets all components of the stress-energy ten-
sor vanishing except for the heat flow, which is aligned
with the Killing vector @

 

.
The strategy we have adopted, relying on the Darmois-

Israel matching formalism, improves on the perturbative
approach developed in Ref. [20], in the sense that the
solutions constructed herein account for all backreaction
e↵ects. In [20] it was found that the shell was required to
be corotating with the spacetime [21] but this can now
be relaxed at the expense of the fluid acquiring intrinsic
momentum and anisotropic pressure.

Energy conditions. — Energy conditions for imper-
fect fluids, such as (13), have been studied in [22] and are
most easily formulated in terms of the eigenvalues of the

where                     

✦ For simplicity, assume a linear equation of state,              
(Other EoS can be considered, e.g., polytropic)

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into
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= �w
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, (18)

which admits the general solution
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0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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where bgab is the inverse of bgab, i.e., bgabbgbc = �

a
c .

The first junction condition (2.9) immediately gives

h+(R) = h�(R) ⌘ h(R) ) M+a
2
+ = M�a

2
� . (2.14)

This implies that a such a rotating cohomogeneity-1 exterior (with M+a+ 6= 0) cannot be smoothly joined
with a flat interior (M� = 0).

Extrinsic curvature

A basis of vectors tangent to ⌃ is provided by {e⌧ , e , ea}, where

e

µ
⌧ = (Ṫ , Ṙ, 0,

2Nz }| {
0, . . . , 0) , e

µ
 = (0, 0, 1,

2Nz }| {
0, . . . , 0) , (2.15)

and ea, with a = 1, . . . , 2N , are vectors generating CP

N .
The unit normal to ⌃ is then given by

nµ = fg(�Ṙ, Ṫ , 0,

2Nz }| {
0, . . . , 0) . (2.16)

The metric and normal vector are everything we need to compute the exterior curvature. We obtain
straightforwardly
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k

(±)
  =

h

2
h

0
�±

R , k

(±)
 a = k

(±)
  Aa , k

(±)
ab = k

(±)
  AaAb + bgabh�± , (2.18)

where a prime stands for d/dR and

�± ⌘ f±

q
1 + g

2
±Ṙ2

. (2.19)

Using Eq. (2.13) we obtain the trace of the extrinsic curvature,

k

(±) =
1

RD�2
[RD�3

h�±]0 . (2.20)

Note that, none of the extrinsic curvature components depend explicitly on the number of the spacetime
dimensions, apart from the dependence introduced through the definition of the metric functions g, f, h.
However, the trace does depend explicitly on D.

Second junction condition and stress-energy tensor

The second junction condition (2.10) dictates the form of the stress-energy tensor to be that of an imperfect
fluid,

Sij = (⇢ + P )uiuj + Pgij + 2'u(i⇠j) + �P R2bgij , (2.21)

where

bgij ⌘ bgab
dx

a

dy

i

dx

b

dy

j
. (2.22)
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3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�

R2

�
✓

M+ � M�
m0

◆2 ✓R2

m0

◆3w

✓
1 +

2Ma2

R4

◆
w�1

�1

4

⇣m0

R2

⌘2+3w

✓
1 +

2Ma2

R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2

⌘2+3w

, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2

R4
� M+ + M�

R2
� 1

4

✓
2Ma2

m2
0

◆1�w⇣m0

R2

⌘4+w

�
✓

2Ma2

m2
0

◆
w�1 ✓

�M

m0

◆2 ✓R2

m0

◆2+w

, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�

R2

�
✓

M+ � M�
m0

◆2 ✓R2

m0

◆3w

✓
1 +

2Ma2

R4

◆
w�1

�1

4

⇣m0

R2

⌘2+3w

✓
1 +

2Ma2

R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2

⌘2+3w

, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2

R4
� M+ + M�

R2
� 1

4

✓
2Ma2

m2
0

◆1�w⇣m0

R2

⌘4+w

�
✓

2Ma2

m2
0

◆
w�1 ✓

�M

m0

◆2 ✓R2

m0

◆2+w

, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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Using the definition (2.19), the above solution can be rearranged and cast in the standard form of an
equation of motion for a classical particle moving in a one-dimensional radial e↵ective potential,

Ṙ2 + Ve↵(R) = 0 , (3.2)

where the e↵ective potential Ve↵ is given by

Ve↵(R) =
1

2

�
g

�2
+ (R) + g

�2
� (R)

�
� h(R)2

4R2

0

@ m

1+ 2N+1
2N w

0

R2N(1+w)
h(R)w

1

A
2

� R2

4h(R)2

�
g

�2
+ (R) � g

�2
� (R)

�2

 
m

1+2N+1
2N w

0

R2N(1+w)h(R)w

!2

= 1 +
R2

`

2
+

2Ma

2

`

2R2N
+

2Ma

2

R2N+2
� M+ + M�

R2N

�
✓

M+ � M�
m0

◆2✓R2N

m0

◆ 2N+1
N w ✓

1 +
2Ma

2

R2N+2

◆w�1

�1

4

⇣
m0

R2N

⌘2+ 2N+1
N w

✓
1 +

2Ma

2

R2N+2

◆1�w

. (3.3)

3.2 Polytropic equation of state

A polytropic equation of state reads as follows:

P = w⇢

⇣
⇢



⌘1/n
. (3.4)

In the limit n ! 1 we recover the linear equation of state of the previous section.
Once again inserting expressions (2.24) and (2.25) into this relation we obtain

d

dR

h�
�R2N [[�(R)]]

��1/n
i

=
w

n(8⇡G)1/n

�
d

dR [R2N
h(R)]

�1+1/n

R2N+ 4N+1
n

h(R)
. (3.5)

Therefore,

[[�(R)]] = �8⇡G

R2N

✓
n

w I(R)

◆n

, (3.6)

where

I(R) =

Z
dR
�

d
dR [R2N

h(R)]
�1+1/n

R2N+ 4N+1
n

h(R)
. (3.7)

It turns out this integral can be computed in terms of Appell hypergeometric functions! The result is

I(R) =
n R� 4N+1

n

3N + 2

✓
2NMa

2

R h(R)

◆ 1
n
✓

1 +
R2N+2

2Ma

2

◆ 1
2n

⇥

(N + 1)F1

✓
� 3N + 2

(2N + 2)n
; 1 +

1

2n

,� 1

n

; 1 � 3N + 2

(2N + 2)n
;�R2N+2

2Ma

2
,�(2N + 1)R2N+2

2NMa

2

◆

�(2N + 1)F1

✓
� 3N + 2

(2N + 2)n
;

1

2n

,� 1

n

; 1 � 3N + 2

(2N + 2)n
;�R2N+2

2Ma

2
,�(2N + 1)R2N+2

2NMa

2

◆�
,(3.8)

✦ For generic values of N, and a linear equation of state:
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stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�

R2

�
✓

M+ � M�
m0

◆2 ✓R2

m0

◆3w

✓
1 +

2Ma2

R4

◆
w�1

�1

4

⇣m0

R2

⌘2+3w

✓
1 +

2Ma2

R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2

⌘2+3w

, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2

R4
� M+ + M�

R2
� 1

4

✓
2Ma2

m2
0

◆1�w⇣m0

R2

⌘4+w

�
✓

2Ma2

m2
0

◆
w�1 ✓

�M

m0

◆2 ✓R2

m0

◆2+w

, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and large values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�

R2

�
✓

M+ � M�
m0

◆2 ✓R2

m0

◆3w

✓
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2Ma2

R4

◆
w�1

�1

4

⇣m0

R2

⌘2+3w

✓
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2Ma2

R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2

⌘2+3w

, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2

R4
� M+ + M�

R2
� 1

4

✓
2Ma2

m2
0

◆1�w⇣m0

R2

⌘4+w

�
✓

2Ma2

m2
0

◆
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◆2 ✓R2

m0

◆2+w

, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
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�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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� 1
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✓
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◆
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m0
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, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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Using the definition (2.19), the above solution can be rearranged and cast in the standard form of an
equation of motion for a classical particle moving in a one-dimensional radial e↵ective potential,

Ṙ2 + Ve↵(R) = 0 , (3.2)

where the e↵ective potential Ve↵ is given by

Ve↵(R) =
1

2
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. (3.3)

3.2 Polytropic equation of state

A polytropic equation of state reads as follows:

P = w⇢

⇣
⇢



⌘1/n
. (3.4)

In the limit n ! 1 we recover the linear equation of state of the previous section.
Once again inserting expressions (2.24) and (2.25) into this relation we obtain

d

dR

h�
�R2N [[�(R)]]

��1/n
i

=
w

n(8⇡G)1/n

�
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. (3.5)

Therefore,
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, (3.6)

where

I(R) =

Z
dR
�

d
dR [R2N

h(R)]
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R2N+ 4N+1
n

h(R)
. (3.7)

It turns out this integral can be computed in terms of Appell hypergeometric functions! The result is
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n R� 4N+1
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✦ For generic values of N, and a linear equation of state:
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3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
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s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
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2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�
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R4
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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� 1
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, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and large values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
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2
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� '2 ,
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� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
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m0
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m0
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�1

4

⇣m0
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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, (22)

while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and small values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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4
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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Using the definition (2.19), the above solution can be rearranged and cast in the standard form of an
equation of motion for a classical particle moving in a one-dimensional radial e↵ective potential,

Ṙ2 + Ve↵(R) = 0 , (3.2)

where the e↵ective potential Ve↵ is given by

Ve↵(R) =
1

2
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. (3.3)

3.2 Polytropic equation of state

A polytropic equation of state reads as follows:

P = w⇢

⇣
⇢



⌘1/n
. (3.4)

In the limit n ! 1 we recover the linear equation of state of the previous section.
Once again inserting expressions (2.24) and (2.25) into this relation we obtain

d

dR

h�
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i
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. (3.5)

Therefore,
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where

I(R) =

Z
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d
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. (3.7)

It turns out this integral can be computed in terms of Appell hypergeometric functions! The result is
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✦ For generic values of N, and a linear equation of state:
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3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢
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� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and large values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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4
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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� 1
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m0
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m0
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, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2

R4
+

2Ma2

`2R2
� M+ + M�
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4
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✓
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2Ma2

R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
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m0
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m0

◆3w

�1

4
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R2

⌘2+3w

, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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� 1
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, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and small values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
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s✓
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2

◆2

� '2 ,

�1 =
P � ⇢

2
+
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◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
+

2Ma2
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+
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. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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�1

4
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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, (23)

where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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Using the definition (2.19), the above solution can be rearranged and cast in the standard form of an
equation of motion for a classical particle moving in a one-dimensional radial e↵ective potential,

Ṙ2 + Ve↵(R) = 0 , (3.2)

where the e↵ective potential Ve↵ is given by

Ve↵(R) =
1
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. (3.3)

3.2 Polytropic equation of state

A polytropic equation of state reads as follows:

P = w⇢

⇣
⇢



⌘1/n
. (3.4)

In the limit n ! 1 we recover the linear equation of state of the previous section.
Once again inserting expressions (2.24) and (2.25) into this relation we obtain

d
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Therefore,
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where
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It turns out this integral can be computed in terms of Appell hypergeometric functions! The result is
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✦ For generic values of N, and a linear equation of state:



Rotating thin shells: Effective potential

10

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and large values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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R2

`2
�
✓
�M

m0

◆2 ✓R2

m0

◆3w

�1

4

⇣m0

R2

⌘2+3w

, (22)

while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

✦ For N=1 and small values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0
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= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

Rotating thin shells in arbitrary higher odd dimensions 6

Using the definition (2.19), the above solution can be rearranged and cast in the standard form of an
equation of motion for a classical particle moving in a one-dimensional radial e↵ective potential,

Ṙ2 + Ve↵(R) = 0 , (3.2)

where the e↵ective potential Ve↵ is given by
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3.2 Polytropic equation of state

A polytropic equation of state reads as follows:

P = w⇢

⇣
⇢



⌘1/n
. (3.4)

In the limit n ! 1 we recover the linear equation of state of the previous section.
Once again inserting expressions (2.24) and (2.25) into this relation we obtain
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Therefore,
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where
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It turns out this integral can be computed in terms of Appell hypergeometric functions! The result is
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✦ For generic values of N, and a linear equation of state:
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FIG. 1. Gravitational collapse of a rotating shell (with w = 0)
in five-dimensional asymptotically flat spacetime. The func-
tions ��

0

, �
1

��
0

, �
2

��
0

are collectively denoted by WEC.
The curves for ��

0

and �
2

� �
0

nearly coincide for the so-
lution displayed. The horizon radius of the inner (outer)
geometry is denoted by r�h (r+h ). Note that the WEC are
satisfied throughout the collapse, all the way up to the sin-
gularity. This particular plot corresponds to parameters
M� = 0.2, M

+

= 0.25, Ma2 = 0.01236, m
0

= �M = 0.05
(in arbitrary units), which are chosen in such a way that the
collapse is complete.

singularity at r = 0, where the stress-energy components
also blow up.

Note that none of the collapsing solutions we have de-
scribed in this section violate the cosmic censorship con-
jecture [25]. This can be seen as follows. Positivity of m0

requires M+ � M�, which together with Eq. (11) implies
that |a+|  |a�|. The presence of an event horizon cov-
ering the curvature singularity for metrics of the form (1)
with vanishing cosmological constant translates into the
inequality a2  M/2, which is saturated in the extremal
case. Given the previous inequalities, it is easy to show
that if the interior solution is sub-extremal the global
solution after full collapse is similarly sub-extremal.

Stationary solution in AdS. — Given the ‘confining’
nature of the e↵ective potential in the presence of a nega-
tive cosmological constant (and when �1 < w < 1/3), as
well as the existence of a centrifugal barrier, we expect
that stationary solutions consisting of a rotating shell
hovering around a black hole exist in AdS.

Such solutions can be constructed as follows. We as-
sume that (i) the radial location of the shell is constant,
i.e., R(⌧) = R⇤, implying that Ve↵(R⇤) = 0, and that
(ii) it corresponds to a local minimum of the potential,
V 0

e↵(R⇤) = 0 and V 00
e↵(R⇤) > 0. In general, these condi-

tions involve high order polynomial equations in R⇤. On
the other hand, the conditions are simple quadratic equa-
tions in M+ and M� (see Eq. (21)). Therefore, it is more
convenient to fix the masses of the inner and outer space
in terms of the remaining parameters, {w, m0, R⇤, Ma2}.
This can be done in such a way to ensure that R = R⇤ is
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FIG. 2. Stable configuration of a stationary rotating shell in
AdS. The dashed line represents the location R⇤ of the shell.
We plot the metric function g(r)�2, whose roots mark hori-
zons. In the domain r > R this function is given by g

+

(r)�2

(blue) and for r < R by g�(r)
�2 (red). Notice the disconti-

nuity at r = R⇤. The event horizon radius r�h is given by the
largest real root of g�

�2. The brown curve represents the ef-
fective radial potential (amplified to ease interpretation) and
r = R⇤ corresponds to a local minimum of the potential.
We chose the following values of parameters for this plot:
m

0

/`2 = 0.324, w = 0.285, Ma2/`4 = 0.02, R⇤/` = 1.8.

a stable point. Then one just needs to scan the parame-
ter space to obtain solutions for which the inner geometry
possesses an event horizon, while the outer geometry has
no horizons, and satisfy the WEC. It is easy to find such
solutions and we show an example in Figure 2.

We mention in passing the existence of unstable sta-
tionary solutions in flat space, where the gravitational
attraction is balanced by the centrifugal repulsion. These
configurations are obtained by tuning the parameters so
that the potential of Fig. 1 acquires a maximum with 0
value.

Discussion. — In this Letter we showed it is possi-
ble to address non spherical gravitational collapse with
analytic tools and nonperturbatively, even without re-
stricting to lower dimensional spacetimes. In particular,
we developed the formalism to study the motion of ro-
tating thin shells in equal angular momenta black hole
spacetimes in five dimensions, allowing for a cosmologi-
cal constant.

The consideration of five dimensions is not physically
fundamental: we regard it as a technical crutch to make
progress analytically. We also stress that, while the
symmetry required for the success of our analysis is en-
hanced relative to the case with arbitrary angular mo-
menta (U(2) compered to U(1)2), it is still more generic
than the spherically symmetric situation, which has isom-
etry group SO(4) ' SU(2) ⇥ SU(2).

The most important lesson borne out by this work is
that anisotropic pressures and intrinsic momentum are
necessarily generated when rotation is present. This re-
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0 0.5 1 1.5 2 2.5

-1

0

1

2

3

4

5

6

7

(g-)-2

(g+ )-2

200�Veff
rh-/�

� /�



12

Rotating thin shells: Full collapse in asymptotically flat spacetime

✦ Take asymptotically flat limit,             .

Formulas for slides

Jorge V. Rocha,

1 ⇤
1

CENTRA, Dept. de F́ısica, Instituto Superior Técnico,
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✦ Collapse starting from rest at infinity imposes:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
P � ⇢

2
�

s✓
P + ⇢

2

◆2

� '2 ,

�1 =
P � ⇢

2
+

s✓
P + ⇢

2

◆2

� '2 , (17)

�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2

`2
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2Ma2

R4
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`2R2
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�
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✓
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R4

◆1�w

. (21)

Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2

`2
�
✓
�M

m0

◆2 ✓R2
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4
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, (22)

while for small radii it reduces to

Ve↵ ⇡ 2Ma2

R4
� M+ + M�

R2
� 1
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by

�0 =
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to

Ve↵ ⇡ 2Ma2
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

i.e.,  matter on the shell 
has EoS of dust

i.e.,  the increment in 
mass of the spacetime 

is given precisely by the 
mass of the shell
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marks an event horizon which possesses the geometry of a homogeneously squashed

S

2N+1
. The mass M and angular momentum J of the spacetime are given by

M =

⌦2N+1

4⇡G

M

✓
N +

1

2

+

a

2

2`

2

◆
, (5)

J =

⌦2N+1

4⇡G

(N + 1)Ma , (6)

where ⌦2N+1 is the area of the unit (2N + 1)�sphere.

A system of coordinates can be found such that the metric only depends on a single radial coordinate,

ds

2
= �f(r)

2
dt

2
+ g(r)

2
dr

2
+ r

2bgabdx

a
dx

b
+ h(r)

2
[d + Aadx

a � ⌦(r)dt]

2
, (7)

where

g(r)

2
=

✓
1 +

r

2

`

2
� 2M⌅

r

2N
+

2Ma

2

r

2N+2

◆�1

, f(r) =

r

g(r)h(r)

, (8)

h(r)

2
= r

2

✓
1 +

2Ma

2

r

2N+2

◆
, ⌦(r) =

2Ma

r

2N
h(r)

2
, ⌅ = 1 � a

2

`

2
. (9)

In the simplest case, D = 5, the base space is CP

1
, which is isomorphic to the sphere S

2
, and

bgabdx

a
dx

b
=

1

4

�
d✓

2
+ sin

2
✓ d�

2
�

, A =

1

2

cos ✓ d� . (10)

{r, ✓,�} {r, } (11)

`! 1 (12)

⇤
Electronic address: jorge.v.rocha@tecnico.ulisboa.pt

✦ Collapse starting from rest at infinity imposes:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�
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and spin parameter

a� =
p
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Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

i.e.,  matter on the shell 
has EoS of dust

i.e.,  the increment in 
mass of the spacetime 

is given precisely by the 
mass of the shell

✦ For N=1 and large values of R:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
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� �0 � 0 , (16)

while the less restrictive null energy condition simply
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into
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which admits the general solution
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0
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. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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The metric is a solution of the Einstein equations with a negative cosmological constant,
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✦ Collapse starting from rest at infinity imposes:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
R2
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

3
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, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into
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which admits the general solution
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Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�
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and spin parameter
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Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+
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and spin

parameter a+ =
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Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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✦ Collapse starting from rest at infinity imposes:
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stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by

Ve↵(R) = 1 +
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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, (i = 1, 2, 3), where �0 is
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Employing expression (15), this solution provides an
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

i.e.,  matter on the shell 
has EoS of dust

i.e.,  the increment in 
mass of the spacetime 

is given precisely by the 
mass of the shell

[Delsate, JVR, Santarelli (2014)]
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Rotating thin shells: Full collapse in asymptotically flat spacetime

✦ Take asymptotically flat limit,             .
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I. BACKGROUND

Isometries:

R ⇥ U(1)

N �! R ⇥ U(N) (1)

ai = a (2)

CP

1 ' S

2
(3)

The metric is a solution of the Einstein equations with a negative cosmological constant,

Rµ⌫ = �(D � 1)`

�2
gµ⌫ . (4)

The largest real root, r+, of g

�2
marks an event horizon which possesses the geometry of a homogeneously squashed
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. The mass M and angular momentum J of the spacetime are given by
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Weak energy conditions 
(WEC) are satisfied

✦ Collapse starting from rest at infinity imposes:

3

stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]

� �0 � 0 , �
i

� �0 � 0 , (16)

while the less restrictive null energy condition simply
omits the first inequality.

In the specific case of the fluid (13), the eigenvalues
are given by
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�2 = �3 = P + �P .

This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into

[R2(�+ � ��)]0

R2(�+ � ��)
= �w

[R2h]0

R2h
, (18)

which admits the general solution

�+ � �� = � m
1+3w/2
0

R2(1+w)h(R)w

. (19)

Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads

Ve↵ ⇡ 1+
R2
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature
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stress-energy tensor, say �0, �
i

, (i = 1, 2, 3), where �0 is
the eigenvalue associated with the time-like eigenvector.
The weak energy condition (WEC) reads [23]
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while the less restrictive null energy condition simply
omits the first inequality.
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This must be supplemented with the constraint ⇢+P � 0,
ensuring that the eigenvector corresponding to �0 is time-
like [24].

Shell equation of motion. — Let us assume a lin-
ear equation of state (EoS) of the form P = w⇢. Using
Eqs. (14) this EoS translates into
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which admits the general solution
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Here, m0 is a positive constant with dimensions of mass.
For the case of a non-rotating shell of dust (a, w = 0) it
corresponds to the initial rest mass of the shell.

Employing expression (15), this solution provides an
equation for the radial motion of the shell,

Ṙ2 + Ve↵(R) = 0 , (20)

where Ṙ ⌘ dR/d⌧ and the e↵ective potential Ve↵ is given
by
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Given a set of parameters, namely the inverse curva-
ture scale ` (including the flat limit ` ! 1), the inte-
rior and exterior mass parameters, M+, M�, the value
of Ma2 and the fluid parameters w and m0, a solution
describing the collapse can be found by solving (20).

First, let us examine the asymptotic behavior of the
potential. For large values of R, it reads
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while for small radii it reduces to
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where we have defined �M ⌘ M+ �M�. (We have kept
the subleading terms that dominate in the flat or nonro-
tating limits.) For w = 0, we recover the AdS barrier at
large radius (for positive `�2) and the centrifugal repul-
sion term ⇠ R�4 at small radius. However, observe that
the confining potential is absent if w > 1/3 or w < �1,
and the centrifugal repulsion is counteracted by a term
⇠ R�8�2w when w > �2. We also note that in the flat
limit, the only possibility to describe a collapse starting
at rest from infinity occurs for the choice of dust (w = 0)
and only if the condition �M = m0 is satisfied. For
a such a collapse, the energy of the spacetime will be
enhanced by the rest mass of the shell.

Full collapse onto a black hole. — As an illustration,
we now provide an explicit example of a rotating dust
thin shell collapsing from rest at infinity onto a (small) ro-
tating black hole in an asymptotically Minkowski space-
time. This is to the best of our knowledge the first exact
solution of this sort in more than three spacetime dimen-
sions.

In accordance with the above results we now take ` !
1, set w = 0 and m0 = �M . It is easy to find conditions
on the remaining parameters {Ma2, M+, M�} so that the
e↵ective potential is strictly negative (corresponding to
a full collapse) and the eigenvalues of the stress-energy
tensor are real and nonnegative (required for the weak
energy conditions to be satisfied). In Figure 1 we show
these quantities as functions of the radial location of the
shell. A convenient choice of parameters was made for
illustration purposes but we stress that no fine tuning is
necessary.

This dynamical solution should be thought of as fol-
lows. Initially, the shell is located at R ! 1 with
vanishing radial velocity. It then collapses according to
Eq. (20). The spacetime in the range r < R(⌧) is de-
scribed by the inner geometry and consists of a rotating
black hole with a horizon at r = r�

h

and spin parameter

a� =
p

Ma2/M�. At larger radii, the spacetime is the
exterior of a black hole with horizon radius r+

h

and spin

parameter a+ =
p

Ma2/M+. As the shell crosses the ra-
dius r+

h

, a new apparent horizon forms at that location.
Both the mass and spin of the initial black hole have
changed. Eventually the shell falls into the curvature

i.e.,  matter on the shell 
has EoS of dust

i.e.,  the increment in 
mass of the spacetime 

is given precisely by the 
mass of the shell

[Delsate, JVR, Santarelli (2014)]
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Rotating thin shells: Cosmic censorship

13

✦ Under the assumed conditions (collapse in AF spacetime starting from infinity 
at rest) it can be shown quite generally that	


	
 if initially one has a (sub-extremal) BH, then after the shell collapses there will be	

	
 a larger horizon covering the singularity.
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Figure 1: Two examples of shell trajectories with zero pressure in five spacetime dimensions (i.e., N = 1).
The left panel describes a plunge and the right panel corresponds to a bounce. The lower (brown) solid
curve shows the e↵ective radial potential, Eq. (38). Classical motion of the shell is allowed whenever
Ve↵ < 0. The curves in the upper half of the plots marked “100⇥WEC” represent the functions defined
in Eq. (35) (rescaled by a hundred for visualization purposes). The fact that they are everywhere positive
means that the weak energy conditions are satisfied throughout the whole orbit. The vertical dashed
lines mark the location of the interior (red) and exterior (blue) event horizons. For the bounce orbit, the
turning point lies inside both horizons.

present in the interior spacetime. However, if a 6= 0 a centrifugal barrier term arises and for su�ciently
large rotations the in-falling motion of the shell can be halted and pushed back to infinity, thus leading
to a bounce. This situation is signalled by the appearance of a turning point (see Fig. 1).

I now comment on the connection between the study of these collapses and the cosmic censorship
conjecture. If we were able to find collapses in which

1. the interior geometry has an event horizon (and so constitutes a regular initial state from the point
of view of an outside observer),

2. the exterior geometry is nakedly singular,

3. the weak energy conditions are satisfied throughout the evolution,

this situation would configure a stark violation of cosmic censorship.
However, it is easy to show that such a scenario never occurs if the shell has non-negative rest mass,

m0 � 0. Indeed, if the interior region has an event horizon, then g�(r�)�2 = 0 for some r� > 0. Then
note that

g

�2
+ (r�) = g

�2
+ (r�)� g

�2
� (r�) = �2(M+ �M�)

r

2N
�

= �2m0

r

2N
�

 0 . (41)

However, since g

�2
+ is continuous and approaches 1 as r ! 1 it must have a root at some r = r+ � r�.

Therefore, the exterior spacetime also features an event horizon, which is furthermore located outside
the event horizon of the interior geometry.

Previous attempts to overspin extremal equal angular momenta black holes with test particles have
been shown to comply with cosmic censorship [20, 21]. The above proof, which also applies to the
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Rotating thin shells: Diverse scenarios
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✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
This imposes w=0 and M+=M-+m0.

Rotating thin shells: Scanning parameter space



15

✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
This imposes w=0 and M+=M-+m0.

Rotating thin shells: Scanning parameter space

✦ Moreover, we can use scaling invariance to set M-=1.	

This leaves just two parameters: m0 and a.
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✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
This imposes w=0 and M+=M-+m0.

Rotating thin shells: Scanning parameter space

✦ Moreover, we can use scaling invariance to set M-=1.	

This leaves just two parameters: m0 and a.
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N = 1

✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
This imposes w=0 and M+=M-+m0.

Rotating thin shells: Scanning parameter space

✦ Moreover, we can use scaling invariance to set M-=1.	

This leaves just two parameters: m0 and a.

extremal interior
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✦ Moreover, we can use scaling invariance to set M-=1.	
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✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
This imposes w=0 and M+=M-+m0.

Rotating thin shells: Scanning parameter space

✦ Moreover, we can use scaling invariance to set M-=1.	

This leaves just two parameters: m0 and a.
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✦ Again, consider collapse in AF spacetime starting from infinity at rest. 
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Rotating thin shells: Scanning parameter space

✦ Moreover, we can use scaling invariance to set M-=1.	
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